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Motivation

— The standard FEM works under the Ciarlet condition
hk
PK

<7

— If the mesh contains degenerated cells :

e It is not guaranty that standard FEM converges
e The conditioning number of the FE matrix is bad

e What can we do on complex geometries 7 Meshing soft tissues is

a big challenge.
How can we simulate the deformation of soft tissues?

L) S A

e

L e

7 ORI AT,

S WSS el N
SR

SR

Do (R

o Ny S Ay

R

v
A
A
=5

Vo

5
e
S
=0
7
e
juiy
s
A
D

i

A

b
s

&
A
EA
Vé
o
X
et

.
oy
%
%

34

A

s
L

,
X
s
;a
s
s
> =
e
=
00
=

»
7
";i
X
220
s
N
Vé
o
X,
&

%
=4
yA)

>

e

L
%‘
s
5
5
5
v
K
RN
Y
St
S
oK
e
A
£
Ay
0y,
&
S

S5

Zos
Sy
7

s

e
Yé

=

7

Ko
£

e

v
[
Y AN, A
T ANy Ay Ty AV S e
A S e
&
s A S E
ORI
e W Sy YAV AV
A e S
AV e AV s,
Ty e
AN SNSRI
TS0 ! i H
e UL A

X
:
:
T
‘;A
3
Y,

P
AV
AVQ‘
A

& &
HIH
etk

s A S
AL
o KD

.

i e
ST 4
A

oy

)
X
e
o
)
o7
o
%
A

5
.

4
Y
oA
£5
X
=
o
o
Y
Avé-,
!
A
£
st
%
X
X
=
!

V?"
&
W
AR
&
A

,‘.
%
A
o
s
i
5

i

Y,
e

v
i

1;;
2
5
X
A
s
7
N,
4’«
i
=4
A
e
5
’11
P
T
i
X
oK
SRR

=
usA
ol
v
YA}
£
i
s
0
7
s
G
50
v,
5
A7y
i
u
o
i
o
e
0
X
%

AT
i
e
<$§

A"

0

%
0
7

oK
A%,
e
2%
st
T
=
T
'1
Y
i
'{:1
ST
Sk
et
&
L6
KL
S
Vars
Q0
o
i
A
Sl
o
V.
AV
L
7
o
o

7
S
50

Bk
L
oh
=

Il
T
7
5

S

e

Y
o

Wy
0K

s

s

v

%
A
Y
A

K
/=
LA

e

AN
5

2

)

AL
2%
I

i
&
0
%

7
B

:;‘vh(?A
A}
T i AV S
2R P ANH AN
AV AV e, SO
Ve Sy AV SV AN i Sy
e B RS
A7 VN SR AA A A
NeT ORI SRS
et e
A
L

o
Sy
24

£

é‘

0
/3
/N
o

o
.

2

50
A%,
2
s
i
>

AV
e
T
“V
)
7
AV
L
3

-
s
A
5
AT 7;4
/'
B

&

s

o
YAl
0
v
=
5
U
w
25
;Vé
,‘

Sy
K

:’é
2

v

2
i
%

Y

A,

o
.
1#

4

=0

A

A

S

7
&Y

%
A

s

X

4

<

e y

\)‘?"VA“A\%
T A\BHAS K
il

Lleras et al, Applied Mathematical Modelling, 2020



Motivation

Finite elements on non matching grids

— A simpler treatment of complex geometries, cracks, material interfaces, ...

— Inverse problems, shape optimization : geometrical features of a priori unknown shape (domain chan-
ging on iterations)

— Fluid-Structure interaction, particulate flows, ... (domain changing in time)

‘> No need to remesh,
> regular cells to facilitate an efficient matrix-free
implementation

© adapt the weak formulation
& Conditioning of the finite element matrix



Previous works on non matching grids

— Classical fictitious domain methods Saul’ev '63 (Dirichlet), Astrakhantsev '78 (Neumann), Glo-
winski et al. 1990’s (several extensions and variants)
e Extend u to the whole fictitious domain O by the solution of the same governing equation

—Au=f inQ
—Au=f inQ=0\RN

u=g¢9 onl 4  some boundary conditions on 9O




Previous works on non matching grids

e Finite element discretization with Lagrange multipliers :

Find up € Vj, = { cont. piecewise linear functions on mesh on O},

An € My = { piecewise constant on a mesh on I" } such that

/Vuh.Vvh—I—/)\hth/fvh Vo, € Vy,
O r O

/Mhuh=/,uhg Vup € Mp,
r r

& The extension is only H1T¢ regular = poor accuracy O(v/h) (due to the cut triangles)
& large FE matrix and bad condition number

© The mesh on [T must be coarser than the mesh on O in order to verify the inf sup condition.



Previous works on non matching grids

— CutFEM Burman-Hansbo 2010-2014 (and later works)
e No fictitious extension of the solution
e The finite elements still live on a background simple mesh

e Lagrange multipliers for the boundary conditions (2010)

Find up, € Vi, = { cont. piecewise linear functions on mesh on T} },

An € My, = { piecewise constant on a mesh on T} } such that

/Vuh.VUh-I-/)\h’Uh:/ fon Yu, € V3
Q r Q

/r prup, — oh Z / [Aullpn] = /r pung  Vun € My

edges cut by I



Previous works on non matching grids

— CutFEM Burman-Hansbo 2010-2014 (and later works)
e No fictitious extension of the solution
e The finite elements still live on a background simple mesh

e Nitsche method for the boundary conditions (2012)

Find up, € Vj, = { cont. piecewise linear functions on mesh on T}, Vv, € V; :

/Vuh.Vvh—/ %Uh—l-/ uh%+ /Uh’Uh—l- stab term = / fvh—l—/ c%h + — /gvh

o)

e Appropriate stabilization (Ghost penalty) for the conditioning of the matrix : oh ZEeEr fE [8“’1} [8n

Optimal accuracy
& Not straigtforward to implement : need to evaluate the integrals on cut mesh elements

10



Previous works on non matching grids

— XFEM Moes-Bechet- Tourbier ‘06, Haslinger-Renard '09
e use of cut shape functions
Good condition number
© Non-classical shape functions and discontinuity in the integrals

— Shifted Boundary Method (SBM) : Main-Scovazzi '17, Nouveau and al.
e Taylor development near the boundary
Optimal accuracy, no integrals on cut elements, as in ¢p-FEM
O Treatment of Neumann conditions

11



What is the idea of ¢-FEM 7

Let the domain €2 and its boundary " be given by a level-set function ¢ :
Q:={p<0}and ' ={¢p =0}
25, only slightly larger than €2.

~\ P,
A\
Q:0<0
N0
<
r:¢=0 NG

12



What is the idea of ¢-FEM?

General procedure :

— Extend the governing equations from €2 to €25 and write down a non standard variational formula-
tion on the extended domain €2, (slightly larger than €2) without taking into account the boundary
conditions on 0f2.

— Impose the boundary conditions using appropriate ansatz or additional variables, explicitly involving
the level set ¢ which provides the link to the actual boundary.

For instance, the Dirichlet conditions 4 = O on 9€2 can be imposed by the ansatz u = ¢w.

— Add appropriate stabilization, including the ghost penalty as in CutFEM plus a least square imposition
of the governing equation on the mesh cells near the boundary, to guarantee coerciveness/stability on
the discrete level.

— The level set is known only approximately, ¢, is the Lagrange interpolation of ¢ of order I > k + 1

V(onwn).V(onan) — / 3(¢mvh)¢hqh ~+ stab = fonan  Van

Q, r, On Q.

13
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¢-FEM for elasticity problem

We consider the linear elasticity problem for homogeneous and isotropic materials :
divo(u) + f=0
o(u) = 2ue(u) + A(divu)I,
u=uonlp

o-n=gonly

with e(u) = %(Vu + Vu™) the strain tensor and the Lamé parameters )\, u are defined via the Young
modulus E and the Poisson coefficient v by

E Ev
=+ ™M T A a2

0

15



@-FEM for elasticity problem : Dirichlet conditions

Direct formulation with Dirichlet conditions :
D, u% are FE approximations for ¢, u9 on the whole €25 and set u;,, = u% + opwy,. The direct

formulation is : find wy, € V, 1= {'vh . Qp — Re: T € Pk(T)? VYT € Ty, vy, continuous on Qh}
such that

/ o(ppwy) - V(dnzn) — / o (drwp)n - dnzn + Grn(bnwn, onzn) + I (ppwn, dnzn)
Q,

0<2;,

= | fénzn— /Q o(ul) : V(onzn) + o(uj)n - opzp,

Q, 8%,
+ J"(pnzn), Vazn €V

Here Gy, JIs. Jrhs stand for the stabilization terms
yJdp 1 Yp

Gp(u,v) ;= oph Z [E[a(u)n] o (v)n],

EcF]

Js (u, v) := oph? Z /Tdiva(u) - diveo(v), Jrhs(v) = —aDhQZ/Tf -dive(v).

TeT, Ter
where [.] is the jump on the interface E,
TN ={TeT, : TNry#o}F, ={Esuchthat 3T €T, : TNl # 2 and E € 9T} .

16



®-FEM for elasticity problem : Dirichlet conditions

Dual formulation with Dirichlet conditions

we make the ansatz only locally around I, i.e. on Q}'; L oup = uh + hcbhwh
and we impose the relation between u;, and wy, in a least square manner. Find
up € Vi, = {v, € (HX () vpr € PH(T)? VT € T},

wy, € Qnp = {wy € (HX(2,"))? : wyr € PY(T)? VT € T, ”} such that

1 1
/ o(up) 1 Vo, — / o (up)n - vy + - 3 (up, — Ecbhwh) (vp — _¢hzh)+Jh *(up, vp)
Q,

0%2, Q)

1
= / f - Uy, —I— % ’Ll,,gl . (’Uh — E(bhzh)+J£h8(vh), V’Uh on Vh, Zp on Qh,D
; Qf

J,llhs, Jrhs stand for the stabilization terms

o) i=oh 3 [ o) ] o) -nl+on? 3 [ @diva()- @dive)

EcF TeTT

T (v) i= —oh® >~ / f - (dive (v))

TeT,

17



d-FEM for elasticity problem : Dirichlet conditions

O =10,1] x [0,1], ¢(z,y) = 5 + (z — 0.5)> 4+ (y — 0.5)2.
Parameters : E =2 and v = 0.3, and vy = op = 20.0,k = 2.

exact solution : u = u., := (sin(x) exp(y), sin(y) exp(x))
We extend w9 from I™ to €2, (direct method) or €2} (dual method) : w9 = uez (1 + ¢)

2 relative error

L

(o

9
[y
(@)

-

—o—

— Direct ¢-FEM

Dual ¢-FEM

10—
10°°
10-8

tandard FEM |

N

Hl

relative error

1072}
1073}
1074}
1075
107%|
10-7}

Computing time

10t |

10°

101}

10-190-80-60-*

L2 relative error
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@-FEM for elasticity problem : Neumann conditions

Let us introduce an auxiliary matrix-valued variable y and p a vector-valued auxiliary variable on Q}': :

The outward-looking unit normal n is given on [ by n = ﬁVqﬁ so the boundary problem is

reformulated as the system of 3 equations
—dive(u) = f, in Qy,
y+o(u) =0, iny,
a(u) - Vé+po = g|Ve|, inS.
The ¢-FEM scheme is then obtained : Find (wp, Yy, Pr) € Vi X Zp X Qp v such that
/ o(up) : V(vp) + | (yy- 1) - vy + vai /Qr divyy, - divzy

I

1 1
+vu | (yp +o(ug)) - (zn+0o(vy)) + % - (yh - Vo + Eph(bh) (Zh - Vo + EQh(bh)

h

toh /r (o) nl o) n) = [ foontom [ fdivz,

Q, Qr

1
_% g’v¢h| (Zh - Vo + th¢h> ,‘v’(vh,zh,qh) e Vy X Zp X Qh,N-
§2,

19



d-FEM for elasticity problem : Mixed conditions

Q2 = {¢ < 0}, and assume that the boundary partition into the Dirichlet and Neumann parts is
governed by a secondary level set ¢, 'p =T N {y¥ < 0}.

T, 7 :={T €T, :9<0onT} and T, :={T €7, :¥»>00nT}.
we introduce the different finite element spaces :

Vi, i={vp € (HY ()t opr € PH(T)? VT € T},
Z, = {zh € (HHQU)N)WD : 2,0 € PH(T)@XD v ¢ 7;?} ,

Qnn = {a, € (H (") : qyp € PF1(T) VT € T, *} .
and
Qnp = {q, € (H (") : qp € PHT) VT €T} .

20



@-FEM for elasticity problem : Mixed conditions

We get the following scheme : find uy, € Vi, Yy, € Zp, P, p € Qn,p and p;, v € Qp N such that

/ o(uy) : e(vy) + (y, -m) - v, — (o(up) -mn) -vy, + ’de/ divy,, - divzy,
€2,

Y
[N o Q
h

1 1
+u (y, +o(up)) - (zp +0o(vy))+—= (yh Vo + Eph,NCﬁh) (Zh Vo + th,NQbh)

Q/lj‘\' ]’LQ Q;N
—/7 - 1 lhs
+ 5 (up, — —</5hph,D) - (v — —Qbhqh,p)‘f'Gh (uwp, vy)
h Q;D h h

1
’U/% - (v — E@th,p)

= f"vh—l-%zw/r f’divzh‘F%

Q, p

1
_% 9 |Vén|(zn-Von + ﬁqh,Nﬁbh)-l-GZhs(Uh), VUp on Vi, Zn on Zn, @p,p N Qn,p; Gn,n 0N @n.N;
oy

where Glhhs and G;’th stand for :

G (u,v) ;= oh ZEGI}:N [plo(u) -n]-[o() - -n]+oph ZEef,fD [mlo(u) - n]-[o() - n]
+ oph? [, (diva (w)) - (dive (v)) and GJ*(v) = —aph? [, f - (dive ().

21



@-FEM for elasticity problem

e ¢»-FEM provides the optimal accuracy with finite elements of any order if the geometry is sufficiently
well approximated (via ¢, of degree > k+1), provided u, f, and ¢ are smooth enough

Theorem
Suppose that Q C Q, and f € (H*(21,))%. Let u € (H*T2(£2))? be the continuous solution and
(up, yh,ph,D,ph,N) be the discrete solution. Provided 7giy, Yu, Vp, ¥, 0, 0p are sufficiently big, it holds

u —upl1.0 < CL (|| fllka, + 119llk+1,00)

lu — unllo.o < CR*FY2(| fllk., + lgllkt1.00)
with C' > O depending on the mesh regularity, on the regularity of ¢ but independent of h, f, and w.

22



@-FEM for elasticity problem

e ¢»-FEM works high polynomial orders : it suffices to approximate the level set function by piecewise
polynomials of the same degree as that used for the primal unknown.

T 1072
1072+ .
1074 1 7
1074 —
1076+ .
1076 .
8 |
1078 . 10
= [lu — unlo0/[ulloo ) = [Ju — unlo,0/[[ulloo
° | l1.0/|ul 10 | 1.0/ |ul
1071 | —— |(u—u U . B —— |(u—u U |
Lol 1 1 l?|;L|1,|Q|/||I l,n [ 1 1 11 Ill|1,|n|l/ LQ
1073 1072 107! 102 1071
h h

Left : P> finite elements; Right : P53 finite elements
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@-FEM for elasticity problem

e Good conditioning of the matrix : The finite element matrix of ¢-FEM satisfies

k(A) = [|All2lA7 |2 < Ch72

107 E T T T T T T T E 107 B T T T T T
L6l | B
10 - E 106 -
10° E -
E 10°
104 E E -
g ] 104
- § .\.__7_—%—%7_ . - A
10% ZD ‘\. E -
- 1 10% ¢ |
102 . g g
- —e— Conditioning | | 102k —e—Conditioning | |
101 ] ] ] ] | E ] ] ] | E
10—2 101 10—2 101
h h

P finite elements. Left : with ghost penalty. Right : without ghost penalty

24



@-FEM for elasticity problem

1l ] h L
1071 0T 107 T oy
1072 oo 1+ 0.0884 e 1. 0.0884
10—4 , a— : 88%%%‘ 10_2 g E 0.0221
.. : - 0. s -+ 1. 0.0110
1075 | 0.00552 , | 0.00552
1076 -3
101911 20% 040406

Sensitivity of the relative error in ¢-FEM with respect to o with
Yu = Yp = Vgiv = ¥ = 10. Left : L? relative error; Right : H? relative error.

~

10‘160‘1‘5—’1’601621(‘)4106

100 e DE T
-1 ' . 4 .
107 £r 1. 0.0884 ' 0.0884
1072} 1= 0.0442 1= 0.0442
1073 1= 0.0221 “ 1+ 0.0221
10~4 | 1+ 0.0110 - 1. 0.0110
10-5 ¢ | 0.00552 | 0.00552

170‘1‘?)‘1‘5—%601(‘)21(‘)4166

~

Y

10‘1@‘1‘6—?(‘)0162164106

Sensitivity of the relative error in ¢-FEM with respect to vy = vp = v44, = 7y with
o = 0.01. Left : L? relative error; Right : H1 relative error.
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@-FEM for elasticity problem : Mixed conditions

Parameters : A = 100 kPa, v = 0.3, Y4iv = Yu =Yp = 1.0, 0 = 0.01 and v = op = 20.0.
exact solution : u., = (sin(x) x exp(y),sin(y) x exp(x))
extrapolated boundary conditions

Vo
V|l

where we used u.; X ¢ to add a little perturbation to the exact solution on the boundaries.

w9 = e X (1+¢), on Q2 N{x>05}, g=0c(ue)X +uerxp, on QN{x < 0.5}

—~ L2 error p-FEM

= H? error ¢-FEM —»-FEM -=Standard FEM
~— 2 error standard FEM

1 +H1 error standard FEM | — .
< 1073 [ —

5 1074 . F 107 ’
g 10—5% —. | P
+ -6 ; 1 i +
A 3 1S
—8 | O

10 ; 1\ ] T N T 1 T S Y 1 B A WA

10-2 10t 10-80-10720"10"10"30°"
h L? relative error
H?' and L? relative errors Computing time
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d-FEM for elasticity problem : Mixed conditions

meshes not resolving the Dirichlet/Neumann junction :

relative error

—o—

-

L? error ¢-FEM
H? error ¢-FEM

— I.2 error standard FEM
—— H1 error standard FEM

1072

:

= |

Cl)g

N
>

— |
o[

=

Computing time (s)

(o
)
(=Y

=
@)
o

-t
9
=Y

[~e-¢-FEM -= Standard FEM

\0-80-10-80-50 1010

L2 relative error
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@-FEM for elasticity problem : a fracture problem

We solve a linear elasticity problem, on two materials and we introduce a new boundary condition on the
fracture. The considered problem is :

(—dz'va'z-(ui) — f, on QZ',

u; = u9, on OS2,

q [u =0, on [u,
[o(u) -n] =0, on M,
lo(u) -n =g, on [y.

[ :=QN{¢p=0}N{y <0} and the remaining (fictitious) part Iy :
Cint .= Q2N {¢=0}n{y >0}.

We introduce Yy, Y5, p for the formulation on the interface. To impose the Neumann condition on [,
we also introduce yjlv, yJQV,p]lV,pJQV for the formulation on the fracture.

Interface :
Neumann :

Y, = —0'(’11,@) ) on Q}era
ui —usr+pp=0, on ",
Yy, Vo —y, Vo=0, on Q.

y) = —o(u;), on Q,’,
N N . I
Y; Vo+pi' ¢ +g|Ve| =0, on Q7.

29



@-FEM for elasticity problem : a fracture problem

o(x,y) =y — %Sin(wa) — %

exact solution : u., = (sin(x) x exp(y),sin(y) x exp(x))
boundary conditions : o(u) - n = o (uUer) X % + Uer X P,

Yu = Vp = Ydiv = Yu,N = Vp,N = Ydiv,N — 1.0, 0, = 1.0 and oy = 0.01.

0.2 04 o0& o8

Left : blue : €24 1, purple : €2} 5, cyan : ngt,
Gray : Q}:f.

10-3
10~*
10~°
12 1076
10°7
10-8

1079

on 2, = QL n{z>0.5}.

—eo— L2 error

—m— H! error

102
h

10—1.5

H?! and L2 relative errors with
E1=E2=7kPa,,1/1=V2=O.3andk=2
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d-FEM for particulate flows

Let us consider the motion of a fluid around a solid particle in the regime of creeping motion, i.e. all the
inertial terms are neglected. The fluid occupies a domain €2 C R?, the particle occupies a domain S and
[ (the external wall) and 0S8 =T .

Parameters : constant gravitation vector g, the constant fluid density pf, the mass of the particle m,
the constant fluid viscosity v, r the vector from the barycenter of the solid S, n the unit normal looking
into the solid.

The unknowns are the fluid velocity u, pressure p, the velocity of the barycenter of the particle U, and
the angular velocity of the particle .

Governing equations :

—2vdiv D(u) + Vp = pyyg, in 2
divu = 0, in 2
u=U4 Y X, on [

u= 0, on [y

— /r(QD(U) —pl)n+ mg= 0

/I_(QD(u) —pl)nxr=0

o=
Q

31



¢-FEM for particulate flows

Weak formulation :
[ }

~/ J

A

Fm/ Qp

We define the non-conforming active mesh 7;, on €2; D €2 with its internal boundary Gj,.

e u and p can be extended from €2 to $2;, an integration by parts gives

2u D(u):D(v)—/

pdin—/ qdiVu—/ (2vD(u) —pln-v = pryg - 0.
Q Q2 Q2 G,

Q,

e We make the ansatz ©u = ¢w + x (U + ¢ x ) where ¢ is a level set function for the fluid domain
Q = {¢ < 0}, and x is a sufficiently smooth function on O such that x = 1 on the solid S and
X = 0 on [ .

32



@-FEM for particulate flows

Weak formulation :
e We introduce By, = 2, \ €2, i.e. the strip between I and G}, and use the divergence theorem on By,
find w : 25, — R¢ vanishing on [, U € RY 1 € RY, and p : ), — R such that

20 /Q D($wAx(U+xr)) : D(dstx(Vrwxr))— [ (2vD(Gw-x(U-xr))—pI)n-s

G

—/deiv<¢s+x<v+w><r)>—/ adiv(gw + x(U + ¢ x 1))

Q,

= pr9-¢s+/(9pfg-x(‘/+w><7“)+( —ﬁ)mg"/

Ps

for all s : Q) — R4 vanishingon [, V € Re w e R and g : 2 — R.

e We discretize using the usual finite elements for the trial and test functions, and approximating ¢, x by

piecewise polynomials.

33



®-FEM for particulate flows : stabilized scheme

Weak formulation : Setting u, = x, (U, + ¢ X 1) + dpwp, v = 1.
Find uy, € V}"me = {xn(Vi +wi, X 7) + ¢nsp, with s, € V;,, Vi, € RY, wy, € R} and

pr € M), = {C]h c C(Q) : qulr e PFY(T) VT € Ty, fQ qn = O} such that

cn(uns Pri Vs qn) = La(vn, an),  Yon € V™, qn € My,
where the bilinear form ¢y, is given by

ch(un, Pr; Vn, qn) = 2 D(up) : D(vp) — (2D(un) — prl)n - Pnsh
Q, %,

—/ qhdiVuh—/ phdiV?}h
Qh Qh

+ oh? Z /T(_Auh + Vpr) - (=Av, = Vqp) + 0o Z /T(diV up,) (divuy)

TeT, TeT,
—|— O'uh Z / [8nuh] . [8n’Uh] —|— O'uh3 Z / [({ﬁuh] : [c‘ﬁvh]
EeF VB per]
and the linear form Lj, is given by

Ly(vn, qn) = / Prg - dnSn + / prg - xn(Vh +wp x 1)+ ( — ﬁ) mg - Vi
Q, o

Ps

+ oh? Z /Pfg'(—Avh—VQh)-
T

TeT,
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d-FEM for particulate flows : stabilized scheme

Inf sup condition :
Introduce the norm on V};bm X My,

1/2
llvn, anllle == | lvnliq, + llanllg.o, + h° Z | = Avy + Vanllgr + Julvr, vi)
TeT,

where J, is the ghost penalties for the velocity.

Proposition
The following inf-sup condition holds

V(un, pr) € ViP™ x My, 3(vn, qn) € ViP™ x My,
such that
Ch(uha DPh, U, Qh)

[|vn, qnllln
with a constant & > O depending only on the mesh regularity.

> 0 ||| wn, pall|n
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d-FEM for particulate flows : stabilized scheme

Rates of convergence

Theorem

Let (u,U,,p) € HTL(Q)? x R? x RY x H*(QQ) be the solution to the continuous problem and
(wh, Un, ¥n,pn) € Vi X R x RY x My}, be the solution to the stabilized scheme. Denoting uj, 1=
xn(Up 4 ¢, X r) + ¢dpwy, the H' a priori error estimate holds for h < hq

lu — upl1,0n0, + 1P — prloana, < CR*(|lullitri,e + [1Pllkse)
and the error for the translation and the rotation of the solid is the following :

U — Up| 4+ [¢ — 1| < CRE(lullit1.0 + [IPllko)

with some C' > 0O and hg > O depending on the maximum of the derivatives of ¢ and x of order up to
k + 1, on the mesh regularity, and on the polynomial degree k, but independent of A, f, and w.

Moreover, supposing €2 C €25, the L? error of the velocity is :

lu = unllo,e < CREFY2((Julljgr,0 + |l

with a constant C' > O of the same type as above.

k.Q)
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®-FEM for particulate flows : numerical results

Parameters : ¢(z,y) = R? — (zx — 0.5)? — (y — 0.5)%, ¢ = 10, py = 1, ps = 2, m = p;m?R?,
o= o, = 20.

Function y : we consider the radial polynomial of degree 5 on the interval (rg,r1) with ro = 0.21
and r1 = 0.45 such that x(rg) = 1 and x'(r0) = X" (r0) = x(r1) = X'(r1) = X" (r1) = 0, that
is, for each r € (rg,71),

f(TO7 Tl)

(r1 —10)%’

x(r) =1+
where

f(ro,m) = (—67“5 + 15(ro + 7“1)7“4 — 10(7“8 + 4ror1 + r%)’r?’ + 30rori(ro + 7“1)7“2
— 30r373r + r3(r3 — 5r1mo + 107%)).

Velocity obtained with the standard Taylor-Hood FEM scheme :

w04 - - - . . s
— ’

0.8 i . — T v

064

044

021 . N — < N -,
|

Q04 - - - e e e e

37



d-FEM for particulate flows : numerical results

wllu— wnllosn/[ullos, st-FEM e llu— wnleen/[[ul e st-FEM
~ llu — unllo.0./llullo.c, ¢-FEM ~ llu —unllr,0./llull10, ¢-FEM
100 g T T T T T \E 100 E T T T T T ‘é
101 ¢ *
; 1074
10_2§ i
10-3 < 1072
10—4 : ! ! ! ! ! ! ] L ! ]_ ! ! ! L]
1074910 1b-120-1008 1074910 1b-120-1008
h h

L? relative error of the velocity (left) and H?! relative error of the velocity (right) for the standard
Taylor-Hood FEM scheme and the ¢-FEM scheme.

e |lp — prllo.a./llPllo.q, st-FEM - |U — Up|/|U] st.-FEM
~ |lp — prllo,./lIpllo,c, ¢-FEM — |U — Uy|/|U| ¢-FEM
1071 ; T T T T T \E % T T T T T \E
i 10715
1072} i
i 10_2§
—3| T
10 i 1073
04 04, < -
104D 19 191201008 1074 1o 1H-120-1008

h h

L? relative error of the pressure (left) and relative error of the displacement of the solid (right) for the
standard Taylor-Hood FEM scheme and the ¢-FEM scheme.
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@-FEM for the heat equation

Governing equations : Let 7' > 0 and u = u(x, t). We consider the Heat-Dirichlet problem

u— Au=f inQx(0,T)
u=20 on I x (0,7T)
u(-,0) =u’ inQ,

Let introduce a uniform partition of [0, 7] into time steps 0 = to < t1 < --- < tny = T of length At
forn=1,2,...,N.

Using an implicit Euler scheme, we get the following scheme in time : find ©™ = ¢w" such that

¢wn+ 1 ¢wn

. n—+1 — n—+1
e A(pw" ) = [

We have obtained the ¢-fem scheme and proved the rate of convergence.

A somewhat unexpected feature of this stabilization is that it works under the constraint on the steps in
time and space of the type At > ch?. This does not affect the practical interest of the scheme since it

is normally intended to be used in the regime At ~ h.
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¢-FEM for the heat equation

é(x,y) = signed distance to the boundary of the domain, o = 20, P; elements.

exact solution : u., = exp(z) sin(27y) sin(t)
extrapolated boundary conditions u} = ¢pw}® + Ipuy(:,t,) where ugy is some lifting of up from I

to €25, and I, stands for an interpolation by finite elements. Here 9 = ue,(1 4+ ¢), on QZD

RS ayaly
e R
R

KU

NN%;énuyA

Left : considered domain. Center : a conforming mesh for the standard FEM. Right : a uniform Cartesian

mesh for ¢-FEM.
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max,, [[u(t;)—un(t:) oo

max, lu() o

1072}
10_3;
104 o |15
; 1
102 101
h

@-FEM for the heat equation

max, [u(®) o
o
9
-

||U_Uh||L2(H1)
l—\
<
'—l
T T 1 T 11171 T T \\\\H‘ T T
L L L L L] L L \\\\H‘ L L
max,, ||u(t;)—wu,(t:)]os

g
< 102 | 1077} ]
B -1 : |
10_3 E ‘1‘ N E 10_3 B v o
10-2 10-1 10-110°10%'102103
A Computation time (s)

Standard FEM (red squares) and ¢-FEM (blue dots) with At = h. Left : L>°(0,T; L?(£2)) relative
errors against h. Center : L2(0,T; H*(S2)) relative errors against h. Right : L>=(0,T; L?(2))

relative errors against the computation time.

Remark : Interesting numerical results on other schemes (Crank-Nicolson or BDF2 time discretizations)

are being obtained.
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Outline

1. Motivation and previous works

2. ¢-FEM method for elasticity problems
(a) With Dirichlet conditions
(b) With Neumann conditions

(c) With mixed conditions

3. Some applications
(a) Case of fracture problems
(b) Particulate flows

(c) Heat problem

4. Summary and outlook
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Conclusion and ongoing works

Results :

— ¢-FEM has several attractive features :
e Optimal convergence : in the L? norm : sub-optimal in theory, optimal in practice
e Discrete problem is well conditioned
e Simple implementation : standard shape functions, all the integrals can be computed by standard
quadrature rules on entire mesh cells and on entire boundary facets.
e Formulation available for any order of approximation

— ¢@-FEM works for elasticity problem, a simple fracture problem, Stokes problem and an example of
particulate flows, heat equation.

Ongoing works :

— ¢-fem for fluid structure interaction
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