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Introduction
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o framework :study of electric potential in|an homogeneous medium
with random inclusions F. of infinite conductivity and small size ¢

@ a criterion ensuring homogenization was already given by Zhikov
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Introduction

" £
a © Q\\‘

o framework :study of electric potential in|an homogeneous medium
with random inclusions F. of infinite conductivity and small size ¢

@ a criterion ensuring homogenization was already given by Zhikov
Goal : relax this criterion using idea from network approximation.

= inspired by the work on network approximation of Leonid Berlyand
[Berlyand and Kolpakov, 2001].
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Microscopic problem

® F(w) = Usecc(rl(w) C R? is the random set of inclusions, CC= Connected
Components

@ domain UcC R®
@ . =eland F. = Ujecer) I (w) such that "eI C U”

Consider electric potentials (u-)->0 € Hy(U) such that

—Au. =f in U\ F., conductivity = 1
Vu: =0 in F.
(E:)

dyue =0, VI € CC(F.)
(o)

u=0 on 0OU
where

@ u. equals a constant C7 in each inclusion, determined by the zero-flux
condition
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Microscopic problem

® F(w) = Usecc(rl(w) C R? is the random set of inclusions, CC= Connected
Components

@ domain UcC R®
@ . =eland F. = Ujecer) I (w) such that "eI C U”

Consider electric potentials (u-)->0 € Hy(U) such that

—Au. =f in U\ F., conductivity = 1
Vu: =0 in F.
(E:)

dyue =0, VI € CC(F.)
(o)

u=0 on 0OU
where

@ u. equals a constant C7 in each inclusion, determined by the zero-flux
condition

M
= The main goal is to pass to the limit when ¢ — 0 (homogenization result) —e
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Heuristic difficulty

Naive heuristic difficulty - two inclusions set-up

the conductivity u. must pass quickly from u; to uy
= explosion of [|Vu|? in the contact zone ~ |In d||u; — u/|?.
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Heuristic difficulty

Naive heuristic difficulty - two inclusions set-up

the conductivity u. must pass quickly from u; to u;
= explosion of [|Vu|? in the contact zone ~ |In d||u; — u/|?.

clusters/dense settings may prevent homogenization

(the energy might blows up, cf work of Berlyand. L).
Mo
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Existing results

Well-separated inclusions = homogenization holds
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Existing results
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Well-separated inclusions = homogenization holds

Theorem (Zhikov, [ )

Assume that all the inclusions are balls of unit radius, and that, almost surely

1
limsup — > py < +oo, where py:=|Ind(I,F\ D], Qn=[-N/2,N/2® (Z)
N—+oo =

R =
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Existing results

Well-separated inclusions = homogenization holds
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Theorem (Zhikov, [ )

Assume that all the inclusions are balls of unit radius, and that, almost surely

1
limsup — > py < +oo, where py:=|Ind(I,F\ D], Qn=[-N/2,N/2® (Z)

N—+oo =

Then (uc). converges weakly in Hy(U) to ug solution of the effective problem

—divAoVu = (1—=N)f in U
u =0 on OU

where Ay is the effective conductivity matrix and \ is the density of the inclusions
(A =E[14]).

(Eo)
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Effective conductivity

The effective conductivity matrix is constant and defined for any ¢ € R3 :
At - €= ]E][Q € + Ve |?
1

where ¢¢(w, z) is a random corrector which satisfies for almost all w

~Age=0 in R3\F,
Ve =—§ in F,

/awg:o, VIe CC(F).
oI
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Effective conductivity

The effective conductivity matrix is constant and defined for any ¢ € R3 :
At - €= E][Q € + Ve |?
1

where ¢¢(w, z) is a random corrector which satisfies for almost all w

~Age=0 in R3\F,
Ve =—§ in F,

(Ec)
/ Oype =0, VIe CC(F).
oI
= classic difficulty of stochastic homogenization :
it is unclear that this problem is well-posed !
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Effective conductivity

The effective conductivity matrix is constant and defined for any £ € R3 :
A€ - & = ]E][ €+ Ve|?> = lim ZZ €4+ Ve|* w—as
Q1 N— 400, Qn

where ¢¢(w, z) is a random corrector which satisfies for almost all w

~Age=0 in R3\F,
Ve =—§ in F,

(Ec)
/ Oype =0, VIe CC(F).
oI
= classic difficulty of stochastic homogenization :
it is unclear that this problem is well-posed !
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Geometric Assumptions

We restrict to a specific class of inclusions

@ F is a random, stationary and ergodic closed set
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Geometric Assumptions

We restrict to a specific class of inclusions
@ F is a random, stationary and ergodic closed set

The inclusions are regular and the gaps are well-separated

Figure — Geometry of the inclusions with a close-up on a gap.

@ no constraint so far on the inclusion’s diameter ! iMm
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Multigraph of the inclusions

Definition
The d-multigraph of inclusions associated to F'is the unoriented
multigraph Gr(F) with

o the vertices of Gr(F) are the inclusions of F'

@ there is an edge between I and J for each -close gaps

o the corresponding edge e has a weight . = |In|z7o — 23]
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Multigraph of the inclusions

Definition

The d-multigraph of inclusions associated to F'is the unoriented
multigraph Gr(F) with

o the vertices of Gr(F) are the inclusions of F'
@ there is an edge between I and J for each -close gaps

o the corresponding edge e has a weight . = |In|z7o — 23]

@ cluster : the union of all the
inclusions that are the nodes
of a same connected
component of Gr(F)
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Discrete energy on the network

Goal : using the multigraph of inclusions, relax the Zhikov assumption.

Discrete energy : Let Iy := Urccc(r), 1c @,/ and
e a family {u;} indexed by the vertices [

e a family {b;s.} indexed by vertices I, J and an edge e linking [ to J

5<FN, {ur}, {h]a}) = Z telbrse — bire + ur — U,/|2 + Z \1Hu1|2

I,J,e I
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Discrete energy on the network

Goal : using the multigraph of inclusions, relax the Zhikov assumption.

Discrete energy : Let Fiy := Ujcoc(r), 1c gy and
e a family {u;} indexed by the vertices [

e a family {b;s.} indexed by vertices I, J and an edge e linking [ to J

5<FN, {ur}, {h]a}) = Z telbrse — bire + ur — U,/|2 + Z \1Hu1|2

I,J,e I

If brje = &£ - x1, this energy is an upper bound for the
energy ||u|| 1 (q,) Where u that is harmonic outside
F'y, and satisfies u = u;+£-z7 on each I € CC(Fu)
= similar to ¢ !
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Effective conductivity - corrector result

Let 21 = §,x and Iy the inclusion that contains 0 (with Ip = ) if 0 ¢ F).

Theorem ([

If for any £ € R3, a.s

limsup inf (FN,{U]} {brse = §'$1}) < 400, (H1)
N—+oo {ur} |Q |

and IE (diam Ip)* < oo, then the corrector problem has a solution
¢¢ with good properties and the conductivity matrix Ao is well-
defined. )
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Effective conductivity - corrector result

Let 21 = §,x and Iy the inclusion that contains 0 (with Ip = ) if 0 ¢ F).

Theorem ([

If for any £ € R3, a.s

limsup inf (FN,{U]} {brse = §~$1}) < 400, (H1)
N—+oo {ur} |Q |

and IE (diam Ip)* < oo, then the corrector problem has a solution
¢¢ with good properties and the conductivity matrix Ao is well-
defined. )

@ (H1) appears as a natural condition to get a uniform bound on the mean energy of
the corrector over Qn

@ (Z) condition implies that limsup_, \QN\ (FN, {0}, {¢- :cl}) < 400

@ minimizing infy, E(FN, {ur}, {¢- 171}) = solving the weighted laplacian
problem on the graph Gr(Fy) : (Ary + 1)U = B¢ .
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Corollary - bounded diameter condition

Let Co the cluster that contains 0 (Co = 0 if 0 ¢ F'). We can derive a convenient
assumption on the inclusions

Corollary
If E (diamCo)? < +oo then (H1) is verified. J

Proof. Take ur := —& - (x1 — x¢). With this choice
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Corollary - bounded diameter condition

Let Co the cluster that contains 0 (Co = 0 if 0 ¢ F'). We can derive a convenient
assumption on the inclusions

Corollary
If E (diamCo)? < +oo then (H1) is verified. J

Proof. Take ur := —& - (x1 — x¢). With this choice

EFnAuy {e-a) = Y MWuwls > > Ml —acf

IECC(FN) clustercof Fn rec
< ZZ/diam(C)Q dz=>»"Y" [ diam(C,)? da;g/ diam(C,)? dz
¢ r1ec’! ¢ r1ec’! @n
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Corollary - bounded diameter condition

Let Co the cluster that contains 0 (Co = 0 if 0 ¢ F'). We can derive a convenient
assumption on the inclusions

Corollary
If E (diamCo)? < +oo then (H1) is verified. J

Proof. Take ur := —& - (x1 — x¢). With this choice

EFnAuy {e-a) = Y MWuwls > > Ml —acf

IECC(FN) clustercof Fn rec
< ZZ/diam(C)Q dz=>»"Y" [ diam(C,)? da;g/ diam(C,)? dz
¢ r1ec’! ¢ r1ec’! @n

—> by ergodic theorem : limsup inf ——

N—too {ur} |QN|S(FN’ {uh. € II}) SEdiam(Co)” as
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Corollary - bounded diameter condition

Let Co the cluster that contains 0 (Co = 0 if 0 ¢ F'). We can derive a convenient
assumption on the inclusions

Corollary
If E (diamCo)? < +oo then (H1) is verified. J

Proof. Take ur := —& - (x1 — x¢). With this choice

EFnAuy {e-a) = Y MWuwls > > Ml —acf

IECC(FN) clustercof Fn rec
< ZZ/diam(C)2 dz=>»"Y" [ diam(C,)? da;g/ diam(C,)? dz
¢ r1ec’! ¢ r1ec’! @n

= by ergodic theorem : limsup inf ——&
N—+oo {ur} |QN|

Eventually, any F such that the P(0 € cluster of diameter N) < 1/N** is admissible.

(FN,{uI},g : xj}) < Ediam(Co)® a.s
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Corollary - bounded diameter condition

Let Co the cluster that contains 0 (Co = 0 if 0 ¢ F'). We can derive a convenient
assumption on the inclusions

Corollary J

If E (diamCo)? < +oo then (H1) is verified.

Proof. Take ur := —& - (x1 — x¢). With this choice

EFnAuy {e-a) = Y MWuwls > > Ml —acf

IECC(FN) clustercof Fn rec
< ZZ/diam(C)2 dz=>»"Y" [ diam(C,)? da;g/ diam(C,)? dz
¢ r1ec’! ¢ r1ec’! @n

—> by ergodic theorem : limsup inf —— (FN,{uI},§ . I[}) < I[‘Ediam(Co)2 a.s

&

N—+oo {ur} |QN|
Eventually, any F such that the P(0 € cluster of diameter N) < 1/N** is admissible.
Similar results were established recently in [Duerinckx and Gloria, 2021] for the Stokes

problem. 1’MA‘,@
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Homogenization

Theorem ([ ])

We assume that there exists s € (2,400), such that F satisfies almost
surely

1
li —— inf €(Fy, {ur}, {brse}) < +oo, H2
FERE T Tl B e &
where ||bue||§/2 = m > 17elbrsel®, then there exists p(s) such that if

E (diam Iy)? < +oo, then homogenization holds.
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Homogenization

Theorem (| ])

We assume that there exists s € (2,400), such that F satisfies almost
surely

1
li — inf &(Fy, {ur}, {brse}) < +oo, H2
D T P, E( uh {brs)) < oe (v2)
where ||bLle||§/2 = m Y 1 7elbrgel®, then there exists p(s) such that if

E (diam Iy)? < +oo, then homogenization holds.

e (H2) = (H1)
e (H2) is implied by a slightly improved Zhikov condition
@ Proof : modified oscillatory test function method
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Corollary - cycle-free inclusions

Assume that Gr(F) is cycle-free, sup;I < +oo and that E4C} < +o0
with p > 2, then, F satisfies (H2) with exponent s = [% € (2,4+00).

e
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Thank you for listening !

e
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Precised corrector result

Theorem ([

If almost surely,

1
limsup inf ——&|( Fn, {ur}, {brre =& - 21} ) < +0 H1
imsup inf o (P, {ur}, {brse = € - a1} (H1)

where Fy := Urecc(r), icoyl, and if E diam([o)2 < +o00, then there exists a scalar field
de(w, x) € LA(Q, Hi,.(R*)) with stationary gradient s.t

i) Ve (w,-) satisfies (Ec) a.s
ii) ¢ is sub-linear, in the sense that e¢(-/¢) — 0 in L;,.(R*) for any s < 6
e—
i) E [, Voe=0,E [, [Vée|* < +oo, [, ¢ =0

iv) up to a constant, ¢¢ is the unique minimizer of the variational problem

inf{E/Q |V + €2, ¢ € L2(Q, H, (R3)), Vé stationary, Vé +&|p =0, ]Ev¢>:0}
1

V.
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Sketch of the homogenization proof

@ Step 1 : thanks to (H2), we prove the following lemma of extension outside the
inclusion , using local surgery on the gaps

Almost surely, there exists C'> 0 independent of € such that for all ¢ € W**(F.), one
can find a field ¢ € Hy(U) such that

Ve =Ve' in Fe, V6 lli2) < CIVEE[lixcry, 2 < 5 < o0

@ step 2 : by a duality argument, we obtain an extension theorem for divergence-free
vector outside the inclusions , that we use to extend Vu..

@ step 3 : we introduce for ¢ € C5°(U) the oscillatory test function
0 (z) = (x) + €, Pe;(w/e)Oip(z) and we want to use it as a test function in

(E:)

@ step 4 :since Vo© =3, V0ip(z)¢e;(x/e) # 0 in F., we correct it using the
lemma

@ step 5 : passing to the limit using ergodic’s theorem, div/curl lemma and M,

sublinearity of the corrector.
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