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Signorini’s contact problem [Signorini, 1933]

The deformation of a body Ω ⊂ R3 is described by the application ϕ : Ω → R3 .
The displacement field: u = ϕ(X) − X = x − X

Figure: Initial and actual configurations

Balance equations:
∇.σ + f = 0 in Ω

σ = Cϵ in Ω

u = 0 on Γ0

σ.n = t on Γ1

(1)

Contact conditions:
g := (x − y).n ≥ 0 on ΓC

σn = (σ.n).n ≤ 0 on ΓC

σn.g = 0 on ΓC

(2)
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Signorini’s problem formulation

Linear elasticity

The admissible set:

V =

{
v ∈

(
H1

(Ω)
)3

; v = 0 on Γ0

}
Constitutive law of linear elasticity:

σ = Cϵ where ϵ =
1
2

(
∇T u + ∇u

)
(3)

The total potential energy is defined by: E(v) = 1
2 a(v, v) − f (v) where

a(u, v) =

∫
Ω

Cϵ(u) : ϵ(v) dV and f (v) =

∫
Ω

f.v dV +

∫
Γ1

t.v dA (4)

The non-penetration set:

K = {v ∈ V ; (x − y).n ≥ 0 ∀ x ∈ Φ(Γc)} (5)

The displacement field u is a solution of the constrained minimization problem:

u = argmin
v∈K

E(v) (6)

Variational inequality (linear elasticity):

a(u, v − u) ≥ f (v − u) ∀ v ∈ K (7)
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Discretization

Consider the following space

Vh =
{

v = (v1, v2) ∈ C0
(Ωh) × C0

(Ωh) | v|Ti ∈ Pr × Pr, ∀i = 1, . . . , nT and v = 0 on Γ0

}
(8)

Let uh ∈ Vh, the displacement vector field on the mesh Ωh, given by

uh =
∑

i

(
Ux

i
Uy

i

)
ŵi (9)

The contact conditions:

(xi − x̄i).ni ≥ 0 ∀ i = 1, . . . , nC

with xi = Xi + Ui and x̄i = X̄i

Body

Obstacle

Xi

X̄i

Another contact formulations describing the non-penetration, can be found in
[Houssein et al., 2022, Houssein, 2022].
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The Discretized problem

The contact problem becomes

Small deformations

Û =

{
argmin(Ep(U)) s.t
(xi − X̄i).ni ≥ 0 ∀ i = 1, . . . , nC

Large deformations case

Algorithm 1 Fixed point algorithm

while error ≥ ϵtol do
1. Taking xn = Xn + Ûn

Ûn+1
=

{
argmin(Ep(U)) s.t
(xi − x̄n

i ).n
n
i ≥ 0 ∀ i = 1, . . . , nC

2. error=
∥Ûn+1 − Ûn∥∞

∥Ûn∥∞
end while

The minimization is done using the interior point method [Houssein et al., 2022, Houssein, 2022].

Houssein CANUM 2020 5/10



Basic Knowledge Contact algorithm Fluid-structure interaction

The Discretized problem

The contact problem becomes

Small deformations
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Contact algorithm example using IPOPT [Wächter and Biegler, 2006] in
FreeFEM [Hecht, 2012]

Contact between an elastic arch and a rigid one

p

Ω

The scripts

The geometry

The linear elasticity law

The contact solver
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Fluid-structure interaction and contact

The Geometry

Fluid (ΩF)

Obstacle
Structure

ΓF1

ΓF2

ΓFS

The Stokes system for the fluid (u is the velocity, p the pressure, µ = 1)


µ∆u − ∇.p + ρFg = 0 in ΩF

∇.u = 0 in ΩF

u = uΓ on Γ = ΓF1 ∪ ΓF2 ∪ ΓFS

(10)

Strongly partitioned coupling scheme

Solve the fluid problem Pressure at the interface ΓFS

Solve the contact problemUpdate the fluid mesh
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Fluid-structure interaction and contact

Force fS = ρS.g = 900.g and ρF = 1000Kg/m3

Young’s modulus on ES = 4 × 108 Pa

Velocity on Γ

uΓ =

{
0 on ΓF2 ∪ ΓFS

0.1(1 − (y−0.001)2

0.0012 )i on ΓF1
(11)

The deformations

Figure: Actual configurations
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