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Imperfect interfaces: background and objective

‚ Wave propagation in microstructured media (U displacement, Σ stress)

‚ Jump conditions to model imperfect contacts between the matrix and inclusions

Imperfect interfaces

â Homogenization of thin layers:
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â Limit behaviour B2 “ C “ 0 Ñ Spring-mass jump conditions, cf phenomenological models
[Jones, Whittier, Tattersall, Sevostianov, Licht, Lebon, Rizzoni]
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â Non-linear interface law (elastic interphases or joints) [Achenbach et al. 1982, Bandis et al. 1983]

Objective: Effective behaviour in the long-wavelength regime

Homogenization with spring-mass interfaces (possibly non-linear) in a 1D setting
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Outline

1 Context and objective

2 Microstructured configuration

3 Main results of homogenization

4 Numerical illustration
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Microstructured problem

‚ 1D array of periodicity h

‚ Conservation equations
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‚ Spring-mass jump conditions at Xn “ nh, n P Z:
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´
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´
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â mass M ě 0, rigidity K ą 0

â R smooth function possibly non linear
R : p´d,`8q ÝÑ R
(d P R `Yt`8u maximum compressibility length)

Rp0q “ 0, R1 ą 0, pR2 ă 0 or R2 “ 0q

C. Bellis et al. Effective dynamics in an array of non-linear interfaces Seminar IJLRDA

Constitutive interface law
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M, K : interface mass and stiffness

‣ Constitutive assumptions:

‣ Phenomenological models

[Achenbach, Norris, Bandis, 
Sevostianov, Broda, …]

‣ Examples:
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smooth

linear (spring-like)

‚ Assumptions on the source F

â low-frequency: h ! λ ùñ small parameter η ! 1

â low-amplitude when non linear (no additional scaling in η at short times)
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Microstructure behaviour
‚ Energy analysis

Energy conservation in the 1D array

d

dt
pEmh ` E ihq “ 0

Ý Medium mechanical energy: Emh ptq “
1

2
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xxΣhp¨,tq yyXIn
{K

˘

0

R
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+

‚ Numerical simulations for the hyperbolic law Rpζq “ ζ
1`ζ{d

and varying amplitude A

A “ 0.1 A “ 120
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Two-scale analysis

â Non-dimensionalization: pX, tq px, τq
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â Two independent scales: x (slow) and y “ x
η

(fast) with η ! 1

â Formal asymptotic expansion: uηpx, τq “ u0px, τq `
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Field approximation

Objective: 1st order approximation UhpX, tq “ U0pX, tq ` hU1pX, tq ` ophq

â Zeroth-order field U0:

‚ continuous in X

‚ solution of ρeff
B2U0

Bt2
pX, tq “

BΣ0

BX
pX, tq ` F pX, tq

Ý Effective mass density: ρeff “

´

xρy ` M
h

¯

Ý Non-linear stress-strain relation Σ0 “ Geff pE0q with E0 “
BU0
BX

:
A

1
µ

E

Σ0pX, tq `
1
h
R´1

`

1
K

Σ0pX, tq
˘

“ E0pX, tq

â Limit cases

Ý Linear interfaces, i.e. Rpζq “ ζ:

Geff pE0q “ C`effE0 with C`eff “

ˆB

1

µ

F

`
1

Kh

˙´1

Ý Perfect interfaces, i.e. M “ 0 and K “ `8:

ρeff “ xρy and C`eff “

B

1

µ

F´1

Marie Touboul (University of Manchester) CANUM June 16, 2022 8



Field approximation

Objective: 1st order approximation UhpX, tq “ U0pX, tq ` hU1pX, tq ` ophq

â Zeroth-order field U0:

‚ continuous in X

‚ solution of ρeff
B2U0

Bt2
pX, tq “

BΣ0

BX
pX, tq ` F pX, tq

Ý Effective mass density: ρeff “

´

xρy ` M
h

¯

Ý Non-linear stress-strain relation Σ0 “ Geff pE0q with E0 “
BU0
BX

:
A

1
µ

E

Σ0pX, tq `
1
h
R´1

`

1
K

Σ0pX, tq
˘

“ E0pX, tq

â Limit cases

Ý Linear interfaces, i.e. Rpζq “ ζ:

Geff pE0q “ C`effE0 with C`eff “

ˆB

1

µ

F

`
1

Kh

˙´1

Ý Perfect interfaces, i.e. M “ 0 and K “ `8:

ρeff “ xρy and C`eff “

B

1

µ

F´1

Marie Touboul (University of Manchester) CANUM June 16, 2022 8



Field approximation

Objective: 1st order approximation UhpX, tq “ U0pX, tq ` hU1pX, tq ` ophq

â Zeroth-order field U0:

‚ continuous in X

‚ solution of ρeff
B2U0

Bt2
pX, tq “

BΣ0

BX
pX, tq ` F pX, tq

Ý Effective mass density: ρeff “

´

xρy ` M
h

¯

Ý Non-linear stress-strain relation Σ0 “ Geff pE0q with E0 “
BU0
BX

:
A

1
µ

E

Σ0pX, tq `
1
h
R´1

`

1
K

Σ0pX, tq
˘

“ E0pX, tq

â Limit cases

Ý Linear interfaces, i.e. Rpζq “ ζ:

Geff pE0q “ C`effE0 with C`eff “

ˆB

1

µ

F

`
1

Kh

˙´1

Ý Perfect interfaces, i.e. M “ 0 and K “ `8:

ρeff “ xρy and C`eff “

B

1

µ

F´1

Marie Touboul (University of Manchester) CANUM June 16, 2022 8



Field approximation

Objective: 1st order approximation UhpX, tq “ U0pX, tq ` hU1pX, tq ` ophq

â Zeroth-order field U0:

‚ continuous in X

‚ solution of ρeff
B2U0

Bt2
pX, tq “

BΣ0

BX
pX, tq ` F pX, tq

Ý Effective mass density: ρeff “

´

xρy ` M
h

¯

Ý Non-linear stress-strain relation Σ0 “ Geff pE0q with E0 “
BU0
BX

:
A

1
µ

E

Σ0pX, tq `
1
h
R´1

`

1
K

Σ0pX, tq
˘

“ E0pX, tq

â Limit cases

Ý Linear interfaces, i.e. Rpζq “ ζ:

Geff pE0q “ C`effE0 with C`eff “

ˆB

1

µ

F

`
1

Kh

˙´1

Ý Perfect interfaces, i.e. M “ 0 and K “ `8:

ρeff “ xρy and C`eff “

B

1

µ

F´1

Marie Touboul (University of Manchester) CANUM June 16, 2022 8



Field approximation

Objective: 1st order approximation UhpX, tq “ U0pX, tq ` hU1pX, tq ` ophq

â Zeroth-order field U0:

‚ continuous in X

‚ solution of ρeff
B2U0

Bt2
pX, tq “

BΣ0

BX
pX, tq ` F pX, tq

Ý Effective mass density: ρeff “

´

xρy ` M
h

¯

Ý Non-linear stress-strain relation Σ0 “ Geff pE0q with E0 “
BU0
BX

:
A

1
µ

E

Σ0pX, tq `
1
h
R´1

`

1
K

Σ0pX, tq
˘

“ E0pX, tq

â Limit cases

Ý Linear interfaces, i.e. Rpζq “ ζ:

Geff pE0q “ C`effE0 with C`eff “

ˆB

1

µ

F

`
1

Kh

˙´1

Ý Perfect interfaces, i.e. M “ 0 and K “ `8:

ρeff “ xρy and C`eff “

B

1

µ

F´1

Marie Touboul (University of Manchester) CANUM June 16, 2022 8



Field approximation

Objective: 1st order approximation UhpX, tq “ U0pX, tq ` hU1pX, tq ` ophq

â Zeroth-order field U0:

‚ continuous in X

‚ solution of ρeff
B2U0

Bt2
pX, tq “

BΣ0

BX
pX, tq ` F pX, tq

Ý Effective mass density: ρeff “

´

xρy ` M
h

¯

Ý Non-linear stress-strain relation Σ0 “ Geff pE0q with E0 “
BU0
BX

:
A

1
µ

E

Σ0pX, tq `
1
h
R´1

`

1
K

Σ0pX, tq
˘

“ E0pX, tq

â Limit cases

Ý Linear interfaces, i.e. Rpζq “ ζ:

Geff pE0q “ C`effE0 with C`eff “

ˆB

1

µ

F

`
1

Kh

˙´1

Ý Perfect interfaces, i.e. M “ 0 and K “ `8:

ρeff “ xρy and C`eff “

B

1

µ

F´1

Marie Touboul (University of Manchester) CANUM June 16, 2022 8



Field approximation

Objective: 1st order approximation UhpX, tq “ U0pX, tq ` hU1pX, tq ` ophq

â Zeroth-order field U0

â Non-linear first-order system

B

Bt
Ψ0pX, tq `

B

BX

´

Geff

`

Ψ0pX, tq
˘

¯

“ FpX, tq with Ψ0 “
`

E0, V0

˘J

Ý strictly hyperbolic (suitable assumptions on R)

Ý characteristic speeds (possibly strain dependent) ν˘pE0q “ ˘

d

1

ρeff

BΣ0

BE0

Ý except when linear interfaces, the system is genuinely non-linear
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Field approximation

Objective: 1st order approximation UhpX, tq “ U0pX, tq ` hU1pX, tq ` ophq

â Zeroth-order field U0

Energy analysis

d

dt
pEm0 ` E i0
looooomooooon

E0

q “ 0 for sufficiently smooth fields and without source

Ý Bulk energy: Em0 ptq “
1

2

ż

I

"

xρyV
2
0 `

B

1

µ

F

Σ
2
0

*

dX

Ý Interface energy: E i0 ptq “
1

h

ż

I

#

1

2
MV

2
0 `K

ż R´1pΣ0{Kq

0

Rpζq dζ

+

dX

Ý B
Bt

Ψ0pX, tq `
B
BX

´

Geff

`

Ψ0pX, tq
˘

¯

“ FpX, tq formally analogous to so-called p´system in

gas-dynamics [Lax, Dafermos,...]

Ý Formation of shocks in finite time t‹:
d

dt
E0 ď 0 for t ě t‹

Ý Linearized stress-strain relation: Σ0 „
E0Ñ0

G1effp0q E0 p1´ γ E0q ` opE2
0 q

Ý 1{p2fcq time required for the source to generate a complete sinus arch

ùñ t‹ « 1
Emaxγ ωc

` 1
2fc

for a forcing at ωc “ 2πfc and an amplitude Emax
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Numerical setting

Objective: Comparison of full-field simulations with homogenized fields

Ý Numerical method:

‚ finite-volume scheme [Leveque, 2002] to capture sharp fronts and shocks
‚ In the microstructure: Explicit Simplified Interface Method to handle the imperfect

contact [Lombard et al. 2007]

‚ In the homogenized problem: hyperbolic systems solved sequentially

Ý Source:

F pX, tq “ δpX ´XSqgptq

‚ time-domain signal gptq
combination of sinusoids

‚ wide-band signal with central
frequency fc

C. Bellis et al. Effective dynamics in an array of non-linear interfaces Seminar IJLRDA

Numerical results

22

Objectives: comparisons of full-field simulations (velocity-based) 
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Numerical setting

Objective: Comparison of full-field simulations with homogenized fields

Ý Numerical method:

‚ finite-volume scheme [Leveque, 2002] to capture sharp fronts and shocks
‚ In the microstructure: Explicit Simplified Interface Method to handle the imperfect

contact [Lombard et al. 2007]

‚ In the homogenized problem: hyperbolic systems solved sequentially

Ý Source:

F pX, tq “ δpX ´XSqgptq

‚ time-domain signal gptq
combination of sinusoids

‚ wide-band signal with central
frequency fc
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Numerical illustration: linear case xxΣh yy “ K JUhK

‚ Exact velocity Vh  Homogenized velocity V p1q “ V0 ` hV1

‚ Moderate frequency η “ 0.26 :
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‚ Dispersive effects increase with η ( η “ 0.52 ):
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Numerical illustration: non-linear case xxΣh yy “
KJUhK

1`JUhK{d
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Numerical illustration: non-linear case xxΣh yy “
KJUhK

1`JUhK{d
7 Beyond the model validity (larger values of η or A)
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Accuracy of the harmonics?

Monochromatic source (fc “ 10Hz) and
spectrum of recorded signal at Xr

C. Bellis et al. Effective dynamics in an array of non-linear interfaces Seminar IJLRDA

Numerical results: harmonics

26

Objectives: comparisons of full-field simulations (velocity-based) 
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3 amplitudes of multiple harmonics increase when A increases
3 stronger non-linear effects when A increases
3 overall good agreement between harmonics for the microstructure and the zeroth-order model
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Energy and formation of shocks
3 Conservation of energy for the microstructured medium: d

dtEh “ 0

3 Existence of shocks for the zeroth-order effective model: d
dtE0 ă 0 for t ą t‹ (t‹ estimated critical time)
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3 Estimation of t‹ « upper bound of the time of validity of the effective model
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Outline

1 Context and objective

2 Microstructured configuration

3 Main results of homogenization
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