Mathematics
of Waves
and Materials

Low-amplitude transient elastic waves in a 1D periodic array of

The University of Manchester

non-linear interfaces:
homogenization and time-domain simulations

45éme Congres National d’Analyse Numérique (16 juin 2022)
C. Bellis?, B. Lombard?, M. Touboul!:2 and R. Assier!

I Department of Mathematics, The University of Manchester, Oxford Road, Manchester, M13 9PL, UK
2Aix Marseille Univ, CNRS, Centrale Marseille, LMA, Marseille, France

r
(Aix Marseille Centrale,‘r} Uvm
universite Marsellle

Socialement engagée

Laboratoira do Mécanique ot ¢ Acoustiaue

Marie Touboul (University of Manchester) CANUM June 16, 2022



Imperfect interfaces: background and objective

e Wave propagation in microstructured media (U displacement, X stress)

e Jump conditions to model imperfect contacts between the matrix and inclusions
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Imperfect interfaces: background and objective

e Wave propagation in microstructured media (U displacement, X stress)

e Jump conditions to model imperfect contacts between the matrix and inclusions
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> Homogenization of thin layers:
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[V]e = By (2 m), + Bz (5= [£] jump across the
interface
«f» mean value
[ nla=25 << o2 > +C- <<7 Da across the interface
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Imperfect interfaces: background and objective

e Wave propagation in microstructured media (U displacement, X stress)

e Jump conditions to model imperfect contacts between the matrix and inclusions

eeesag &
0008a8@ a |
0008aT ~-..___
000G6aa
0006660
@ogoaaa
> Homogenization of thin layers:
ou .
[V]e = By (2 m), + Bz (5= [£] jump across the
interface
«f» mean value
[ nla=25 << o2 > +C- <<7 Da across the interface

> Limit behaviour By = C = 0 — Spring-mass jump conditions, cf phenomenological models
[Jones, Whittier, Tattersall, Sevostianov, Licht, Lebon, Rizzoni]
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Imperfect interfaces: background and objective

e Wave propagation in microstructured media (U displacement, X stress)

e Jump conditions to model imperfect contacts between the matrix and inclusions
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[Ula = B1 = n}), + B2 <<7 Da [/7 jump across the
interface
«f» mean value
[ nla=25 << >> +C- <<7 Da across the interface
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> Limit behaviour By = C = 0 — Spring-mass jump conditions, cf phenomenological models
[Jones, Whittier, Tattersall, Sevostianov, Licht, Lebon, Rizzoni]

K- -[Ulx =<(Z-n)x K stiffness

o°U
>>X M mass

[2 nlx = M- (o

> Non-linear interface law (elastic interphases or joints) [Achenbach et al. 1982, Bandis et al. 1983]
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Imperfect interfaces: background and objective

e Wave propagation in microstructured media (U displacement, X stress)

e Jump conditions to model imperfect contacts between the matrix and inclusions
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> Homogenization of thin layers:
oU .
[U]la = B1 X -n), + B2 ((— Va [f] jump across the
interface
«f» mean value
[ nla=25 << >> +C- <<7 Da across the interface

ot?

> Limit behaviour By = C = 0 — Spring-mass jump conditions, cf phenomenological models
[Jones, Whittier, Tattersall, Sevostianov, Licht, Lebon, Rizzoni]

K- -[Ulx =<(Z-n)x K stiffness

o°U
>>X M mass

[2 nlx = M- (o

> Non-linear interface law (elastic interphases or joints) [Achenbach et al. 1982, Bandis et al. 1983]

Objective: Effective behaviour in the long-wavelength regime
Homogenization with spring-mass interfaces (possibly non-linear) in a 1D setting J
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Microstructured problem

e 1D array of periodicity h
e Conservation equations
02U 0%y
Phor = ox
oUp,

S, = gy
h HhaX

+ F
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Microstructured problem

e 1D array of periodicity h

e Conservation equations
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a2 oxX
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h = UhaX
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e Spring-mass jump conditions at X,, = nh, neZ:

M, = Bl

Shyx, = KR ([Unlx, )
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Microstructured problem

e 1D array of periodicity h

e Conservation equations

02U 0%y

a2 oxX
oUp,

S, = gy
h = uhaX

+ F

Ph

e Spring-mass jump conditions at X,, = nh, neZ:

M(EThy = 9alx,
Enyx, = KR (1nlx,)

> L hx, = FXD) + F(X))/2
[flx, = F(X) = F(X2)
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Microstructured problem

e 1D array of periodicity h

e Conservation equations

02U 0%y

a2 oxX
oUp,

S, = gy
h = uhaX

Ph +

e Spring-mass jump conditions at X,, = nh, neZ:
T N DA
Snyx, = KR (Unlx,)

> L Px, = (F(XD) + F(X)/2
[fx, = F(X3) = F(X7)
> mass M = 0, rigidity K >0
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Microstructured problem
e 1D array of periodicity h
e Conservation equations
02U 0%y

a2 T ox AW
U, \;N/X

S, = gy
h uhaX

Ph

e Spring-mass jump conditions at X,, = nh, ne€ Z:

2
T N DA
Enyx, = KR (1nlx,)

> L Px, = (F(XD) + F(X)/2
[flx, = F(X) = F(X2)
> mass M = 0, rigidity K >0
> R smooth function possibly non linear
R:(—d,+0) —R
(d € R + u{+00} maximum compressibility length)
R(0)=0,R >0, (R"<0orR" =0)
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Microstructured problem

e 1D array of periodicity h

e Conservation equations

02U 0%y

20X
oUp,

S, = gy
h uhaX

Ph

e Spring-mass jump conditions at X,, = nh, ne€ Z:

a*U
M (5 Ox, = [Balx, '
Enyx, = KR (Wnlx,)
= U yx, = (FXCH) + £(X))/2 Sl
lIf]]anf(XrT)_f(X;) 64
> mass M > 0, rigidity K > 0 e

— nonlinear

— linear

> R smooth function possibly non linear Tt ois

R:(—d,+0) —R
(d € R + u{+00} maximum compressibility length)
R(0)=0,R >0, (R"<0orR" =0)
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Microstructured problem

e 1D array of periodicity h

e Conservation equations

02U 0%y

20X
oUp,

S, = gy
h uhaX

Ph

e Spring-mass jump conditions at X,, = nh, ne€ Z:

2
T N DA

Enyx, = KR (1nlx,)
> oy, = FEGH + F(X,))/2
[f1x, = F(XH) = F(X)
> mass M > 0, rigidity K >0

> R smooth function possibly non linear
R:(—d,+0) —R

2B~

-2
=

~4E4

—6E—4-

~8E-4

(d € R + u{+00} maximum compressibility length)

R(0)=0,R >0, (R"<0orR" =0)
e Assumptions on the source F'

— nonlinear

— linear

—IE~4 —SE-5

> low-frequency: h « A = small parameter n « 1

0

SE-5  IE-4 15E-4 2E4

R(Q) =¢

linear (spring-like)

-
1+(/d
(hyperbolic)

R(C)

> low-amplitude when non linear (no additional scaling in 1 at short times)
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Microstructure behaviour
e Energy analysis

Energy conservation in the 1D array

@ e 5
5(51, +&,) =0

1
— Medium mechanical energy: & (t) = 5J {ph(X)Vh(X7 )% + Zh(X,t)Q} dx

pr(X)

— Interface energy: & (t) = Z {%M &V (-, )>>X1 + Kf H(Lh t)>>x1/K) R(C) dC}

I
Xn

e Numerical simulations for the hyperbolic law R(¢) = and varying amplitude A

¢
1+¢/d

A=0.1 A =120
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Microstructure behaviour

e Energy analysis

Energy conservation in the 1D array

(& + &) =0

d
dt

oh(X, t)2}dX

1
pr(X)

+

| {ph<X>vh<x, %

1
2

— Medium mechanical energy: &, (t)

(ECADxrfie) o dc}

737](
KJ
RXeN o

M (Vi (1) »

{ 1
1 2
e Numerical simulations for the hyperbolic law R(¢) =

X

— Interface energy: & (t) = Z

and varying amplitude A

e
1+¢/d

- sharpening
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Microstructure behaviour

e Energy analysis

Energy conservation in the 1D array

1
pr(X)

Sh(X, t)2}dX

(X, 1) +

Pr(X)Vi

() =

m

— Medium mechanical energy: &}

h

1
2

€=h 00 D1 /) 2(0) d{}

Rfl
2 +Kf (

M (Vi (1) »

e Numerical simulations for the hyperbolic law R(¢) =

I
Xn

— Interface energy: & (t)

0

and varying amplitude A

<
1+¢/d
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£
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IR RN

= 1st order approximation for small amplitudes and small frequencies (at short finite times)
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Two-scale analysis

> Non-dimensionalization: (X,t) ~ (z,7)

N hk=mn avec lc:?;
|| [ ™1 | |
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Two-scale analysis

> Non-dimensionalization: (X,t) ~ (z,7)

N hk=m avec k:%ﬂ-

X T

0

2w

e wave equation: « (%) =t (2, 7) = ‘1 (6 (;) Qun (z, T)) + f(z,7)

e interface conditions (contributions in n):

1SR, - [h2en]

BHR ) Ve, = 5 R (2 Ll T)ﬂmn)
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Two-scale analysis

> Non-dimensionalization: (X,t) ~ (z,7)

N hk=m avec k:%ﬂ-

X T

0

2w

e wave equation: o (%) s (z,7) = ‘1 (5 (5) Juy (z, T)) + f(x,T)

e interface conditions (contributions in n):

1o m),, = %] B

ou K
BEL) Ve, = 5 R (2 lunle7)L, )

> Two independent scales: z (slow) and y = % (fast) with n « 1
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Two-scale analysis

> Non-dimensionalization: (X,t) ~ (z,7)

N hk=m avec k:%ﬂ-

X T

0

e wave equation: o (") aa:z" (z,7) =2 (5 (;) % (g, T)) + f(z,7)

e interface conditions (contributions in n):

1o m),, = %] B

ou K
BEL) Ve, = 5 R (2 lunle7)L, )

> Two independent scales: z (slow) and y = @ (fast) with n « 1

> Formal asymptotic expansion: uy(z,7) = uo(z,7) + Y. pluj(z,y,7)
j=1
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Two-scale analysis

> Non-dimensionalization: (X,t) ~ (z,7)

N hk=mn avec k:%ﬁ

X T

0

e wave equation: o <n) 662:2" (z,7) = (1 (5 (;) Ty (z, T)) + f(z,7)

e interface conditions (contributions in n):

1o m),, = %] B

ou K
BEL) Ve, = 5 R (2 lunle7)L, )

> Two independent scales: z (slow) and y = @ (fast) with n « 1

> Formal asymptotic expansion: u,(z, ) = ug(z,7) + Z uj(z,y,T)

A

¢
e R smooth - R (% [[uW]]yn) = Z %( Z ni—2 [ (, "T)]]yn ) RO (h [wi (x, '7T)Hyn)
e 1D setting — direct integrations and <dg> = S(l) f}f, y)dy = —[g] = —(g(0T) —g(17))
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Field approximation

Objective: 1st order approximation Uy (X,t) = Uy (X, t) + hU; (X, t) + o(h)

> Zeroth-order field Up:

e continuous in X
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Field approximation

Objective: 1st order approximation Uy (X,t) = Uy (X, t) + hU; (X, t) + o(h)

> Zeroth-order field Up:

e continuous in X

90 (x,0) + F(X, 1)

(X t) = X

e solution of peff——— a2
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Field approximation

Objective: 1st order approximation Uy (X,t) = Uy (X, t) + hU; (X, t) + o(h)

> Zeroth-order field Up:
e continuous in X
%o
ot? 0X
— Effective mass density: pesr = ((p) + %)

e solution of peff—— (X t) = (X,t) + F(X,t)
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Field approximation

Objective: 1st order approximation Uy (X,t) = Uy (X, t) + hU; (X, t) + o(h)

> Zeroth-order field Up:

e continuous in X

U a\_:u
X, t) =
ot2 S(X,0) 0X

— Effective mass density: pesr = ((p) + %)

e solution of peff——— (X,t) + F(X,t)

Vg .

— Non-linear stress-strain relation $o = Gefr (£0) with & = 32

<i>20(X,t) + LR (E20(X, 1) = Eo(X, 1)

Marie Touboul (University of Manchester) CANUM June 16, 2022



Field approximation
Objective: 1st order approximation Uy (X,t) = Uy (X, t) + hU; (X, t) + o(h)
> Zeroth-order field Up:

e continuous in X

02Uy X0
e solution of peff——— P (th) = 6);

— Effective mass density: pesr = ((p) + %)

(X,t) + F(X,t)

Vg .

— Non-linear stress-strain relation $o = Gefr (£0) with & = 32

<i>20(X,t) + LR (E20(X, 1) = Eo(X, 1)

> Limit cases
— Linear interfaces, i.e. R(¢) = ¢:

Gerr (€0) = Cem€o with Clg = (< > )
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Field approximation
Objective: 1st order approximation Uy (X,t) = Uy (X, t) + hU; (X, t) + o(h)

> Zeroth-order field Up:

e continuous in X

Uo %0
012 S(X1) = 0X

— Effective mass density: pesr = ((p) + %)

e solution of peff——— —(X,t) + F(X,t)

Vg .

— Non-linear stress-strain relation $o = Gefr (£0) with & = 32

<i>20(X,t) + LR (E20(X, 1) = Eo(X, 1)

> Limit cases
— Linear interfaces, i.e. R(¢) = ¢:

Gerr (€0) = Cem€o with Clg = (< > )

— Perfect interfaces, i.e. M =0 and K = +00:
1\ 1
pesi = (py and Ciy = <;>
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Field approximation
Objective: 1st order approximation Uy (X, t) = Ug(X,t) + hU1 (X, t) + o(h)

> Zeroth-order field Uy

> Non-linear first-order system

%\yo(x, 1)+ aix (Geﬁ(\po(x, t))) —F(X,t) with Wy = (£,V)"
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Field approximation
Objective: 1st order approximation Uy (X, t) = Ug(X,t) + hU1 (X, t) + o(h)
> Zeroth-order field Up

> Non-linear first-order system

%\yo(x, 1)+ aix (Geﬁ(\po(x, t))) —F(X,t) with Wy = (£,V)"

— strictly hyperbolic (suitable assumptions on R)
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Field approximation
Objective: 1st order approximation Uy (X,t) = Uy (X, t) + hU (X, t) + o(h)
> Zeroth-order field Up

> Non-linear first-order system

%\yo(x, 1)+ aix (Geff(\yo(x, t))) —F(X,t) with Wy = (£,V)"

— strictly hyperbolic (suitable assumptions on R)

1 0%
— characteristic speeds (possibly strain dependent) v+ (&y) = + — 0
peff €0
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Field approximation
Objective: 1st order approximation Uy (X,t) = Uy (X, t) + hU (X, t) + o(h)
> Zeroth-order field Up

> Non-linear first-order system

2 2 .
SV0(X,0) + = (Can(Wo(X,0)) =F(X,8)  with  ¥o = (£0,%0)"

— strictly hyperbolic (suitable assumptions on R)
— characteristic speeds (possibly strain dependent) v+ (&) = +4 | — ——

— except when linear interfaces, the system is genuinely non-linear

1E6 .
2500+
B e
& ;
~ 0 2000
e =
W Z
E 1500
—— nonlinear & —— nonlinear
—1E6- —— linear r 1000 —— linear
500+
~2E6 ] ‘ i F 0 . ;
—2E-4 —-1E-4 0 1E-4 2E-4 —2E-4 —-1E-4 0 1E-4 2E-4
& &o
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Field approximation
Objective: 1st order approximation Uy (X, t) = Uy (X, t) + hU (X, t) + o(h)
> Zeroth-order field Uy
Energy analysis

d .
a(é”g" + &) =0 and without source
Y

&0

1 1
— Bulk energy: &7 (t) = EI {(p) VC,2 + <7>Zg} dx
I (%

, 1 1, R~ (20/K)
— Interface energy: &;(t) = EI §MV0 4F Kf R(¢)d¢ pdX
I 0
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Field approximation
Objective: 1st order approximation Uy (X, t) = Uy (X, t) + hU (X, t) + o(h)
> Zeroth-order field Uy
Energy analysis

d .
a(é"g" + &) =0 and without source
Y

&0

1 1
— Bulk energy: &7 (t) = 5[ {(p) VO2 + <7>Zg} dx
I (%

, 1 1, R~ (20/K)
— Interface energy: &;(t) = EI §MV0 4F Kf R(¢)d¢ pdX
I 0

— %\IIO(X,t) + % (Geﬁ(\IJO(X, t))) = F(X,t) formally analogous to so-called p—system in
gas-dynamics [Lax, Dafermos,...]
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Field approximation
Objective: 1st order approximation Uy (X, t) = Uy (X, t) + hU (X, t) + o(h)

> Zeroth-order field Uy

Energy analysis

d .
a(é”g" + &) =0 and without source

&0

1 1
— Bulk energy: &7 (t) = 5[ {(p) VO2 + <7>Zg} dx
I (%

, 1 1, R~ (20/K)
— Interface energy: &;(t) = EI §MV0 4F Kf R(¢)d¢ pdX
I 0

— %\IIO(X,t) + % (Geﬁ(\IJO(X, t))) = F(X,t) formally analogous to so-called p—system in

gas-dynamics [Lax, Dafermos,...]

. R . d
— Formation of shocks in finite time 17: W/‘,U <O0fort=>=t*
C
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Field approximation

Objective: 1st order approximation Uy (X, t) = Uy (X, t) + hU (X, t) + o(h)

> Zeroth-order field Uy
Energy analysis

d )
—(&" +65) =0
dt ————

&0

1 1
— Bulk energy: & (t) = 5[ {(p) VO2 + <7>Eg} dx
I (%

and without source

. 1 1., R~ (20/K)
— Interface energy: &;(t) = EI 5MV0 4F Kf R(¢)d¢ pdX
I 0

- B%\IIO(X,t) + % (Geff(\IIO(X, t))) = F(X,t) formally analogous to so-called p—system in

gas-dynamics [Lax, Dafermos,...]

— Formation of

— Linearized stress-strain relation: Xg e Gl (0) Eo (1 — v &o) + 0(E)
0—

— 1/(2f) time required for the source to generate a complete sinus arch

Marie Touboul (University of Manchester)
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Field approximation

Objective: 1st order approximation Uy (X, t) = Uy (X, t) + hU (X, t) + o(h)

> Zeroth-order field Uy
Energy analysis

d )
—(&" +65) =0
dt ————

&0

1 1
— Bulk energy: & (t) = 5[ {(p) VO2 + <7>Eg} dx
I (%

and without source

. 1 1., R~ (20/K)
— Interface energy: &;(t) = EI 5MVO 4F Kf R(¢)d¢ pdX
I 0

- a%\Ilg(X,t) + % (Geff(\IIO(X, t))) = F(X,t) formally analogous to so-called p—system in

gas-dynamics [Lax, Dafermos,...]

— Formation of

— Linearized stress-strain relation: Xg e Gl (0) Eo (1 — v &o) + 0(E)
0—

— 1/(2f) time required for the source to generate a complete sinus arch

1 1

= t*x ——— + 5+
EmaxY we + 2fc

Marie Touboul (University of Manchester)

CANUM

for a forcing at w. = 27 f. and an amplitude Emax
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Field approximation
Objective: 1st order approximation Uy (X, t) = Uy (X, t) + hU (X, t) + o(h)

> First-order field Uy (corrector)

U1(X,t) = U1(X,t) + P(y,E0(X, 1)) Eo(X,t)

mean field cell function
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Field approximation
Objective: 1st order approximation Uy (X, t) = Uy (X, t) + hU (X, t) + o(h)

> First-order field Uy (corrector)

U1(X,t) = U1(X,t) + P(y,E0(X, 1)) Eo(X,t)

cell function

— solution of a linear and heterogeneous problem
9*U, 031 L= U1
peffﬁ(xv t) = ﬁ(xv t) + S(UO(X7 t)) with z:1(*)(7 t) = éff(g()(Xv t)) K(Xv t)

e Source term §(Up) and stiffness G/(£0) (may) depend non-linearly on Ug

e Can be rewritten as a first-order linear strictly hyperbolic system of characteristic
speeds v+ (€o)

Marie Touboul (University of Manchester) CANUM June 16, 2022 11



Field approximation
Objective: 1st order approximation Uy (X, t) = Uy (X, t) + hU (X, t) + o(h)

> First-order field Uy (corrector)

U1(X,t) = U1(X,t) + P(y,E0(X, 1)) Eo(X,t)

cell function

— solution of a linear and heterogeneous problem
02U, 031 L = oU 1
pefi o (X 1) = = (X, 1) +S(Uo(X, 1)) with $1(X, t) = Glg(Eo(X, 1)) == ox (61

e Source term §(Up) and stiffness G/(£0) (may) depend non-linearly on Ug

e Can be rewritten as a first-order linear strictly hyperbolic system of characteristic
speeds v+ (€o)

— Cell function for X € (nh, (n + 1)h):

Py, &0(X,1) = (3 —v) + (b(w) — B) (&) ge“g(f(“fﬁ)t)) with 5 = (X — nh)/h

o (Possibly) non-linear function of Uy

Marie Touboul (University of Manchester) CANUM June 16, 2022 11
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Numerical setting

Objective: Comparison of full-field simulations with homogenized fields
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Numerical setting

Objective: Comparison of full-field simulations with homogenized fields

— Numerical method:

e finite-volume scheme [Leveque, 2002] to capture sharp fronts and shocks

e In the microstructure: Explicit Simplified Interface Method to handle the imperfect
contact [Lombard et al. 2007]

e In the homogenized problem: hyperbolic systems solved sequentially
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Numerical setting

Objective: Comparison of full-field simulations with homogenized fields

— Numerical method:

e finite-volume scheme [Leveque, 2002] to capture sharp fronts and shocks

e In the microstructure: Explicit Simplified Interface Method to handle the imperfect
contact [Lombard et al. 2007]

e In the homogenized problem: hyperbolic systems solved sequentially

— Source:

F(X,t) =6(X — Xs)g(t)
e time-domain signal g(t)
combination of sinusoids

g(t)
la(H)l

o wide-band signal with central
frequency fc

we om0 on R EEERE
t(s) £ (Hz)
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Numerical setting

Objective: Comparison of full-field simulations with homogenized fields

— Numerical method:

e finite-volume scheme [Leveque, 2002] to capture sharp fronts and shocks

e In the microstructure: Explicit Simplified Interface Method to handle the imperfect
contact [Lombard et al. 2007]

e In the homogenized problem: hyperbolic systems solved sequentially

— Source:

P(X,t) = 6(X — Xs)g(t)

e time-domain signal g(t)
combination of sinusoids

9(t)

o wide-band signal with central
frequency fc

— Medium considered:

BN {MZO FUTTTTTTTTTTTTTTT homogeneous unit cell

o
X 1+¢/d | . y

Marie Touboul (University of Manchester) CANUM June 16, 2022
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Numerical illustration: linear case (X, » = K [U]
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Numerical illustration: linear case (X, » = K [U]
e Exact velocity V}, ~» Homogenized velocity v = Vo + hVy
e Moderate frequency 1 = 0.26 :
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Numerical illustration: linear case (X, » = K [U]
e Exact velocity V}, ~» Homogenized velocity v = Vo + hVh

e Moderate frequency 1 = 0.26 :
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e Dispersive effects increase with n (n = 0.52 ):
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K[Up]
1+[[Uh,]]/d
v Moderate frequency 1 = 0.26 and moderate amplitude A = 40 :

Numerical illustration: non-linear case (X, ) =

Microstructured medium Homogenized medium

== Snapshots for exact velocity V}, and homogenized velocity v = Vo + hVi:

- v 1262
e Vi
SE-31 r
8E-34
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—1E-24 t
T T T T T 0 T T T T T T T
650 700 750 800 850 900 770 780 790 800 810 820 830 840 850

X (m) X (m)
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Numerical illustration: non-linear case {3, ) = %

X Beyond the model validity (larger values of n or A)
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Numerical illustration: non-linear case (X, ) = KIUw]

T+[0,1/d
X Beyond the model validity (larger values of n or A)
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n = 0.39 n = 0.52
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Numerical illustration: non-linear case (X, ) =

X Beyond the model validity (larger values of n or A)

e Fixed amplitude
A =140

e Fixed frequency
n = 0.26

Marie Touboul (University of Manchester)

KUl

1+ [[U h ]] / d
1SE-2 . . . . .
, g
B2 — y) B2 — V@ g
Vi ooV
SE-3-
o
~5E-3:
—-1E-2: —1E-2;
650 700 750 800 850 900 650 700 750 800 850 900
X (m) X (m)
n = 0.39 n = 0.52
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Accuracy of the harmonics?

Monochromatic source (fe = 10Hz) and i i
spectrum of recorded signal at X, H

T T
Microstructured / Homogenized

oL |
10 ] A=01 ==
[ A=40 ==
I A=60 m=m
Bl A=80 o
10" F ]
102 © 1
107+ ]
10 20 30 40 50
f (Hz)

v amplitudes of multiple harmonics increase when A increases

v stronger non-linear effects when A increases

v overall good agreement between harmonics for the microstructure and the zeroth-order model
Marie Touboul (University of Manchester) CANUM June 16, 2022 17



Energy and formation of shocks

v Conservation of energy for the microstructured medium: %é’h =0
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Energy and formation of shocks
v Conservation of energy for the microstructured medium: %é’h =0

v Existence of shocks for the zeroth-order effective model: %éao < 0 fort > t* (t* estimated critical time)
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Energy and formation of shocks
v Conservation of energy for the microstructured medium:

v Existence of shocks for the zeroth-order effective model:

d —
4:6n =0

4 & < 0fort>t" (t* estimated critical time)
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Energy and formation of shocks

v Conservation of energy for the microstructured medium: %éah =0

v Existence of shocks for the zeroth-order effective model: %&J < 0 fort > t* (t* estimated critical time)
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n =0.26 and A = 60

v Estimation of t* ~ upper bound of the time of validity of the effective model
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Outline and perspectives

Conclusions
v/ 1st order homogenized model accurate at low frequency, low amplitude, and short times
v Upper bound of the time of validity

v Non-linear zeroth-order model: shocks occur

X Dispersive effects increase with source amplitude and time in the microstructure and are not
captured by the model

C. Bellis, B. Lombard, M. Touboul, R. Assier, Journal of the Mechanics and Physics of Solids (2021)
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Perspectives
e Derivation of a model accounting for dispersive effects (2nd order model?)

e Homogenization for larger source amplitudes

e Derivation of an effective model in 2D and 3D? )
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Conclusions
v/ 1st order homogenized model accurate at low frequency, low amplitude, and short times
v Upper bound of the time of validity
v Non-linear zeroth-order model: shocks occur
X Dispersive effects increase with source amplitude and time in the microstructure and are not

captured by the model

C. Bellis, B. Lombard, M. Touboul, R. Assier, Journal of the Mechanics and Physics of Solids (2021)

Perspectives
e Derivation of a model accounting for dispersive effects (2nd order model?)

e Homogenization for larger source amplitudes

e Derivation of an effective model in 2D and 3D? )

Thank you for your attention!
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