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Industry of aluminium =PrL

Aluminium cells.
Copyright of Rio Tinto 2020
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Aluminium electrolysis =PrL

» 2A1,03 + 3C — 4Al + 3CO2
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» Difficulties: multi-scale features
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Obijective of the work =PrL

We are mainly concerned on the fluid flow problem of aluminium electrolysis

>

>

>

Goal: Compute velocity by finite elements method for a given precision
Approach: construct a "better” mesh

Outcome: a mesh giving a solution with a given precision and with reduced
amount of vertices and therefore CPU time

The anisotropic mesh are produced using the MeshGems commercial software
(3D Precise Mesh)
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Example of "standard"” mesh
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» View from above
» 326099 Vertices
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PFL
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Example of adapted mesh (same precision

than standard mesh)
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» View from above
» 41687 Vertices
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Two model problems =PrL

> Let Q C R? and u: Q — R solution of —V - (uVu) = f with zero Dirichlet
boundary conditions.

» We consider two different models:
B Linear: p € L>®(), 0 < timin < # < lmax-
® Nonlinear: p = o + |[Vu|P~2, pg >0, p > 3.
» For any h > 0, let 7} be a conformal triangulation of 2 into triangles K.
» We consider piecewise finite elements and we denote uj the obtained solution.

» We introduce anisotropic error estimates the involved constants being
independent of the aspect ratio, provided the "mesh is aligned with the
solution”.

» We use the anisotropic interpolation error of Formaggia and Perotto
(2001,2003).
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Error estimator: linear -V - (uVu) = f =PrL

> Let f € L*(Q), p € WH=(Q), u € Hg(Q) solution of
the problem and wuj the finite element solution. \\
2

> Assume that there exists C > 0 depending only on the
reference triangle K such that for any K € 7 we have
)‘%,KrT,KGK (u — uh)rLK S C)\%KI';KGK(’U, — uh)I‘Q,K.

sz

u—up))ii = O(u — upn) O(u — un)
(Gl w))i AK Ox; 0x;

» Then there exists él, Cs independent of the mesh size and aspect ratio such
that up to higher order terms (Dubuis, Passelli, Picasso 2022)

él/mwu—uh)ﬁ <> ok ség/ulwu—uh)ﬁ
Q KeTy Q2
e = (MK f+ Tk Vi Vunll g2 g

13 It 1/2 2, .
3 > <>\ N ) NI, wVup - nlllp2, ) > AT kri g Gr(u — up)ry i
i=1 1,KA2,K =
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Adaptive strategy =PrL

» Goal: construct a mesh such that

ZKGTh 77%(

1/2

0.75TOL < (

» Strategy: iteratively solve the problem and change the mesh:

B Equidistribute the error in both directions for each triangle
B Align directions r; g and rp i with respect to eigenvectors of
Gk (u — uh)
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Numerical results =Pr-L

Consider Q = (0,1)% with f such that w is
u(x) = pasin(mz1)He (21 — 0.5) + pa sin(wz1 ) H: (0.5 — x1),
p(x) = poHe (21 — 0.5) + p1 (1 — He(z1 — 0.5))

where for all z € R and € > 0 we define a smoothing of the classical Heavyside
function.

0 r < —e,
H(z) = zie 4+ oL sin(ZE) —e<z<e,
1 e <.

w1 =1 p2 =2 e =0.01 Starting mesh 10 x 10 uniform

TOL Vertices  ei® el ei??  armax  alav
0.0125 741 0.96 0.054 1.00 17847 3055
0.00625 1388 0.99 0.027 1.00 37973 6683
0.003125 2822 0.98 0.013 1.00 77257 13292
p1 =1 p2 = 100 € = 0.01 Starting mesh 10 x 10 uniform
0.0125 524 1.02 7.34 0.98 17609 4046
0.00625 1070 1.03 3.82 0.98 35918 7553
0.003125 2166 1.03 1.86 0.99 91030 15305
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Adapted mesh =PrL
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» Obtained adapted mesh at tolerance TOL = 0.025.
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Error estimator: —V - ((yo + |[Vu[P~3)Vu) = f =PrL

> fe L) (%Jr é =1), let u € Wy*(Q2) be a
solution of the problem and wuy the finite element
solution of the finite variational problem. \%

» We can prove the following upper bound Ak
[ 19 = )+ (90l + [V = w)) £ & Y i W
Q KeTy

e = (IIV - (1o + [Vun)Vun) + fllc2x)

2

1

+2)\TH[(M0 + | Vun|)Vuy, - n]|L2<aK)> Z A7 ki i G (U — un)ri .
2K i=1

O(u—u O(u—u
> (Grelu—un))iy = [y Dt 20z,

> [ IV(u—un)* (o + |Vu| + [V(u — us)|) is a quasi-norm (Liu, Yan, 2001).
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Numerical results =Pr-L

TOL eiA E€QN eiZZ 2100400 -06 -ol.a 02 sc?w 0i2 OiA 06 1.06+00
po =0
0.125 13.32  0.78 0.88

0.0625 18.68 0.20 1.00
0.03125 18.55 0.08 1.00
0.015625 17.02 0.04 0.99
po =1
0.125 16.62 0.31 1.00
0.0625 18.68 0.25 0.99
0.03125 15.60 0.11 1.00
0.015625 19.09 0.052 0.97

1 b

Ho = 100
0.125 1097 563  0.98
0.0625 10.90 255  0.98
0.03125 11.03 123 099 > Obtained adapted mesh at
0.015625 9.91 0.65 0.97 tolerance TOL= 0.125 o = 0

» Exact solution: u(z,y) = tanh(maﬂ's)-
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Application to aluminium electrolysis =PrL

» Consider Q = Q4 U Qer.

» A free interface problem should be
considered, here the interface I' is
considered flat and fixed.

> ei(w) = F(54 + om0, j=1,2,3.

lectric current j

Strong
magnetic B’
induction

€0, bubbles F

Electrolyte

lnterfa{e = Aluminum

p(u-V)u— V- (2ue(|ul)e(u)) + Vp = pg +jAB in €,
V-u=0 in Q.

» Two models are considered
B Smagorinsky u(le(u)|) = pur + Cle(u)| (Application of the modified
p-Laplace problem presented before).
® Von Karmann u(|e(u)|) = pur, + Cd3qle(u)| (ongoing work).
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Application to aluminium electrolysis =PrL
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Comparison between adapted mesh and -
standard one =PrL

» Results obtained on the standard mesh and adapted mesh show similar
accuracy.

» An adapted mesh could be used for several simulations.

Mesh N. vertices Adaptation CPU time CPU time updating interface
Standard 326099 - 6h11
Adapted 41687 3h33m 1h12
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Adapted mesh vs standard mesh
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Adapted mesh Bottom: Standard mesh. View from above.

Figure: Top
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Adapted mesh vs standard mesh =PrL

Figure: Top: Adapted mesh Bottom: Standard mesh.
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Figure: Top: Adapted mesh Bottom: Standard mesh. View from above.
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Velocity Magnitude
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Figure: Top: Adapted mesh Bottom: Standard mesh.
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Velocity Magnitude
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Figure: Top: Adapted mesh Bottom: Standard mesh. Cut view from below.
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Figure: Top: Adapted mesh Bottom: Standard mesh. Zoom cut view from
below.
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Conclusion and further work =Pr-L

» With the help of adaptive finite elements with large aspect ratio the accuracy
can be controlled reducing considerably the CPU time.

» The effectivity index does not depends on the aspect ratio on adapted
meshes.

» The efficiency of the algorithm has been validated on an industrial
application.

» We are working on the theoretical framework of the Von Karmann model,
where the distance of the wall is involved in the turbulence model.
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Thank youl
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