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The fractional kinetic Fokker-Planck equation

The Lévy-Fokker-Planck equation

Bt f ` v ¨∇x f “ ∇v ¨ pvf q ´ p´∆v q
α{2f “: Lαf ,

t ě 0, x P Td and v P Rd ; α P p0, 2q.

For any nice function g : Rd
Ñ R,

Fpp´∆v q
α{2gqpξq “ |ξ|αFpgqpξq

where Fp¨q the Fourier transform.

Another equivalent definition:

p´∆v q
α{2gpvq “ Cd,α P.V.

ż

Rd

gpvq ´ gpwq

|v ´ w |d`α
dw ,

where P.V. the principal value.
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Hypocoercivity

The local equilibrium: µα, a probability distribution such that Lαµα “ 0. It decays as
|v |´α´d when |v | Ñ 8.

Exponential return to equilibrium: there exists an appropriate functional space X and
constants λ ą 0, C ě 1 such that

}f ptq ´
A

f 0
E

µα}X ď C }f 0
´

A

f 0
E

µα}X e´λt

with
@

f 0
D

:“

ż ż

TdˆRd

f 0dxdv .

The homogeneous case: Gentil-Imbert (2008), Tristani (2014).

Our approach: The H1 method. For the L2 method, see Bouin et al (2019).
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(Hypo)coercive schemes

Aim: A numerical approach.

The classical case: Dujardin et al (2020) [H1 method], Bessemoulin et al (2020) [L2

method].

Goal: Design of a consistent, stable and structure preserving numerical method for
d “ 1.
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The continuous case

The Sobolev space H1
x,v pνq is associated with the norm

}g}2
H1
x,v pνq

“ }g}2
L2
x,v pνq

` }∇xg}
2
L2
x,v pνq

` }∇vg}
2
L2
x,v pνq

.

Theorem (Ayi, Herda, Hivert, Tristani (2020))

Let f solve the kinetic Lévy-Fokker-Planck equation with initial data f in P H1
x,v pµ

´1
α q.

Then, for all t ě 0 one has

}f ptq ´
A

f in
E

µα}H1
x,v pµ

´1
α q

ď C }f in ´
A

f in
E

µα}H1
x,v pµ

´1
α q

e´λt

for some constant C ě 1 and λ ą 0 depending only on d and α.

Idea: Carry out our computations as simple as possible to adapt our analysis to a
discrete framework.

Hypocoercivity strategy : Equivalent functional

Hpf q “ }f }2

L2pµ´1
α q

` a}∇x f }
2

L2pµ´1
α q

` b }∇v f }
2

L2pµ´1
α q
` 2 c x∇x f ,∇v f yL2pµ´1

α q
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Challenges of the discrete setting

Aim: Design of a consistent, stable and structure preserving numerical method for
d “ 1.

Preservation of the structure:

conservation of mass;

preservation of the heavy-tailed local equilibrium µα;

preservation of coercivity properties in the homogeneous case;

preservation of the hypocoercivity properties in the inhomogeneous case;

approximation of the fractional Fokker-Planck operator Lα on the whole line with a
discretization on a truncated domain;

preservation of the asymptotics αÑ 2´,

preservation of non-negativity of solutions observed numerically.

Result: Rigorous coercivity and hypocoercivity properties ñ exponential stability of
the discrete solution.
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Presentation of the numerical method (unbounded velocity domain)
Discretization of R: pvj “ jhqjPZ with h ą 0.

For a velocity distribution f : RÑ R,

fj « f pvjq.

Slight abuse of notation: f “ pfjqjPZ.

Discretization of the fractional Laplacian: Λh
α : RZ

Ñ RZ such that

pΛh
αf qj « ´p´∆qα{2f pvjq.

The Huang-Oberman method (2014): the discrete fractional Laplace operator is

pΛh
αf qj “

8
ÿ

k“1

βh
k pfj`k ` fj´k ´ 2fjq h “

ÿ

kPZ
βh
k pfj´k ´ fjq h ,

Lemma

There exist positive constants bα and Bα depending only on α P p0, 2q such that

bα
|hk|1`α

ď βh
k ď

Bα
|hk|1`α

, @k P Zzt0u .
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Lemma (Huang-Oberman (2014))

Conservation of mass:
ÿ

jPZ
pΛh
αuqj “ 0 .

Self-adjoint in the space of square summable sequences:
ÿ

jPZ
pΛh
αuqjvj “

ÿ

jPZ
pΛh
αvqjuj .

Consistency with the usual centered finite difference approximation of the Laplacian:

lim
αÑ2´

pΛh
αuqj “

uj`1 ` uj´1 ´ 2uj
h2

,

for all j P Z.
Consistency at order 3´ α. When hÑ 0, one has for any u P C4

bpRq that

sup
jPZ

ˇ

ˇ

ˇ
´p´∆qα{2uphjq ´ pΛh

αuqj
ˇ

ˇ

ˇ
ď Kα }u}C4

b
pRq h

3´α ,

with Kα a positive constant depending only on α.
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Discretization of the Lévy-Fokker-Planck operator: Lh
α “ Γh

α ` Λh
α

where Γh
α discrete equivalent of Bv pv ¨q.

Goal: define a consistent approximation that preserves exactly the discrete
equilibrium pMjqjPZ defined by

Mj “ µαpvjq .

Idea: Using that Lαµα “ 0 and that µα is symmetric, we get

Bv pv f q “ Bv pv µα f {µαq

and

vµαpvq :“
1

2

ż v

´v

p´∆w q
α{2µαpwqdw ,

The operator Γh
α is

pΓh
αf qj :“

Fj` 1
2
´ Fj´ 1

2

h
with the numerical flux defined by the centered approximation

Fj` 1
2

:“ pVMqj` 1
2

ˆ

fj
2Mj

`
fj`1

2Mj`1

˙

,

and

pVMqj` 1
2
“ ´pVMq

´j´ 1
2

:“ ´
1

2

j
ÿ

k“´j

pΛh
αMqk h , for j ě 0 .
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Lemma (Basic properties)

The operator Lh
α satisfies the following properties.

i) Mass conservation: for any suitably summable sequence u, one has

ÿ

jPZ
pLh
αuqj h “ 0 .

ii) Preservation of local equilibrium:

pLh
αMqj “ 0 , @j P Z .

iii) Consistency: for any u P C4
bpRq, one has that

sup
jPZ
|pLαuqphjq ´ pL

h
αuqj | ď Kα }u}C4

b
pRq h

minp3´α,2q ,

for some Kα ą 0.

iv) Non-negative symmetric part: in natural weighted `2 space

Sh
αpf , f q “ ´

ÿ

jPZ
pLh
αf qj fjM

´1
j h “

1

2

ÿ

pj,kqPZ2

βh
k

ˆ

fj
Mj
´

fj`k

Mj`k

˙2

Mj h
2 ,
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Numerical schemes

The homogeneous case: For a time discretization tn “ n∆t with time step ∆t ą 0,
f nj « f ptn, vjq is computed by solving the implicit in time scheme

f n`1
j ´ f nj

∆t
“ pLh

αf q
n`1
j , @pn, jq P Nˆ Z ,

and starts at some given initial data pf 0
j qj .

The inhomogeneous case: For any pn, i , jq P Nˆ Z{NxZˆ Z, tn “ n∆t, xi “ i∆x and
vj “ j∆v where ∆x “ N´1

x with Nx an odd positive integer is the space step and
∆v ą 0 the velocity step.
f nij « f ptn, xi , vjq is computed by solving the implicit in time scheme

f n`1
ij ´ f nij

∆t
` pT∆x f qn`1

ij “ pL∆v
α f qn`1

ij , @pn, i , jq P Nˆ Z{NxZˆ Z ,

with given initial data pf 0
ij qij . The discrete transport operator writes

pT∆x f qnij “ vj
f ni`1,j ´ f ni´1,j

2∆x
.
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Exponential stability

Theorem (Ayi, Herda, Hivert, Tristani (2021))

Suppose that Nx is odd. There exists ∆v0 ą 0 such that if f is a solution of the
discrete kinetic Lévy-Fokker-Planck equation with initial data pf 0

i,jqi,j P H1
∆x,∆v pM

´1
q,

then for all ∆v ă ∆v 0 and for all n P N, one has

}f n ´ f 8}H1
∆x,∆v

pM´1q ď C}f 0
´ f 8}H1

∆x,∆v
pM´1q p1` 2λ∆tq´

n
2 ,

for some constants C ě 1 and λ ą 0 depending only on α and

f 8 :“
xf 0y

∆x,∆v

xMy∆x,∆v
M with xf y∆x,∆v :“

ř

pi,jqPZ{NxZˆZ fi,j ∆x∆v.

Discrete functional setting: discrete Sobolev norms

}f }2
H1

∆x,∆v
pM´1q “ }f }

2
`2

∆x,∆v
pM´1q ` }D∆x f }

2
`2

∆x,∆v
pM´1q ` }D∆v f }

2
`2

∆x,∆v
pM´1q
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}f }2
H1
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2
`2

∆x,∆v
pM´1q ` }D∆x f }

2
`2

∆x,∆v
pM´1q ` }D∆v f }

2
`2

∆x,∆v
pM´1q

with the scalar product

xf , gy`2
∆x,∆v

pM´1q
“

ÿ

iPZ{NxZ

ÿ

jPZ

fi,jgi,j
Mj

∆x∆v .

and the associated norm } ¨ }`2
∆x,∆v

pM´1q and where

@pi , jq P Z{NxZˆ Z, pD∆x f qi,j “
fi`1,j ´ fi´1,j

2∆x
, pD∆v f qi,j “

fi,j`1 ´ fi,j´1

2∆v
.

Nathalie Ayi A numerical method for fractional Fokker-Planck CANUM, 14 Juin 2022 12 / 18



Ideas and challenges in the proof

‚ Same roadmap as in the continuous setting: close estimates on twisted
hypocoercivity norm of solution

}f }2
` a}D∆x f }

2
` b}D∆v f }

2
`2c xD∆x f ,D∆v f y

‚ Functional analysis tools in the discrete setting

Discrete fractional Sobolev norms :

|g |29Hs
∆v
pM´1q

“
ÿ

jPZ

ÿ

kPZzt0u

pgj ´ gj`kq
2

|∆vk|1`2s
M´1

j ∆v 2 , s ą 0

Interpolation inequalities

}D`∆vg}
2
`2

∆v
À ε |D∆vg |

2
9Hs
∆v
` Kpεq }g}2

Hs
∆v

Non-local Poincaré inequality
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Numerical simulations

Test case 1: convergence of the scheme in the homogeneous case.

10´2 10´1 100
10´5
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Error in L8t L2
pµ´1
α dvq norm
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Error in L8t,v norm

α “ 0.8
α “ 1
α “ 1.5

Figure: Test case 1. Error in L8t L2pµ´1
α dvq (left) and L8t,v (right) norm between approximate

and analytical solution.
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Test case 2: preservation of the heavy tails (homogeneous case).
Truncated velocity domain r´L, Ls with L “ 20, 1025 mesh points, time step ∆t “ 10´2.
The initial data:

f p0, vq “
1

2
χr´3,´1spvq `

1

4
χr0,4spvq ,

where χI is the indicator function of the set I .
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100

v

t “ 0
t “ 0.5

Op|v |´1´α
q

Figure: Test case 2. Approximate densities at t “ 0.5. On the right the logarithmic scale allows
to see the heavy-tail decay. Here α “ 1.1.
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Figure: Test case 2. Approximate densities at t “ 2. On the right the logarithmic scale allows to
see the heavy-tail decay. Here α “ 1.1.
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Test case 3: numerical hypocoercivity (long time behavior).

Bt f ` v ¨∇x f “ L1f

with x P R{p2πZq and v P R. Velocity domain truncated at L “ 16, discretized 65 points
(J “ 32). Space domain, of size 2π, discretized with 128 points. Time step ∆t “ 10´2,
final time T “ 35. Error of 4.5 ¨ 10´2 in L8t,x,v norm between the computed solution and
the reference solution.

0 10 20 30
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10´10
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100

t

}
f
pt
q
´
@

f
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D

µ
α
}
L

2 x
,v
p
µ

´
1

α
q Computed

Reference

Figure: Test case 3. Time evolution of the distance between the steady state and the
approximate and reference densities in L2

x,v pµ
´1
α dvdxq norm.
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Thank you for your attention.
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