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The fractional kinetic Fokker-Planck equation

The Lévy-Fokker-Planck equation

Oif +v-Vif = V- (vf) = (=A)*F =: Lof,
t>0, xeT¥and veRY ae(0,2).

For any nice function g : R — R,

F((=0)g)(6) = [EI°F(g)(€)

where F(-) the Fourier transform.
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The fractional kinetic Fokker-Planck equation

The Lévy-Fokker-Planck equation

Oif +v-Vif = V- (vf) = (=A)*F =: Lof,
t>0, xeT¥and veRY ae(0,2).

For any nice function g : R — R,

F((—=A,)g)(€) = |€*F(g)(©)

where F(-) the Fourier transform.

Another equivalent definition:
—A, a2 - Cy,P.V. g(V)—g(W) d
(-8)P8() = Cuapv.| EA_E dw,

where P.V. the principal value.
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Hypocoercivity

The local equilibrium: i, a probability distribution such that L,p. = 0. It decays as
[v|=*=9 when |v| — o0.
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Hypocoercivity

The local equilibrium: 1, a probability distribution such that L,ue = 0. It decays as
[v|=*=9 when |v| — o0.

Exponential return to equilibrium: there exists an appropriate functional space X and
constants A > 0, C > 1 such that

1£(8) = () alx < CIE° =) palxe™
with <f0> = JJ;I“’de fPdxdv.
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Hypocoercivity

The local equilibrium: 1, a probability distribution such that L,ue = 0. It decays as
[v|=*=9 when |v| — o0.

Exponential return to equilibrium: there exists an appropriate functional space X and
constants A > 0, C > 1 such that

1£(8) = () alx < CIE° =) palxe™
with <f0> = JJ;rded fPdxdv.

The homogeneous case: Gentil-Imbert (2008), Tristani (2014).
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The homogeneous case: Gentil-Imbert (2008), Tristani (2014).

Our approach: The H' method.
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Hypocoercivity

The local equilibrium: 1, a probability distribution such that L,ue = 0. It decays as
[v|=*=9 when |v| — o0.

Exponential return to equilibrium: there exists an appropriate functional space X and
constants A > 0, C > 1 such that

1£(8) = () alx < CIE° =) palxe™
with <f0> = Jﬁrded fPdxdv.

The homogeneous case: Gentil-Imbert (2008), Tristani (2014).

Our approach: The H! method. For the L method, see Bouin et al (2019).
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(Hypo)coercive schemes

Aim: A numerical approach.

The classical case: Dujardin et al (2020) [H' method], Bessemoulin et al (2020) [L?
method|.

Goal: Design of a consistent, stable and structure preserving numerical method for
d=1.
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The continuous case

The Sobolev space H; ,(v) is associated with the norm

2 2 2 2
lelte, oy = l&gliz, @) +1Vxeliz o) + Vel o) -

Theorem (Ayi, Herda, Hivert, Tristani (2020))

Let f solve the kinetic Lévy-Fokker-Planck equation with initial data f"" € Hy,,(u3").
Then, for all t = 0 one has

: ) ) N
() = <f> palu uzty < CIF7 = <f> tally uzry e

for some constant C > 1 and A > 0 depending only on d and a.
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The continuous case

The Sobolev space H; ,(v) is associated with the norm

2 2 2 2
lelte, oy = l&gliz, @) +1Vxeliz o) + Vel o) -

Theorem (Ayi, Herda, Hivert, Tristani (2020))

Let f solve the kinetic Lévy-Fokker-Planck equation with initial data f"" € Hy,,(u3").
Then, for all t = 0 one has

: ) ) N
() = <f> palu uzty < CIF7 = <f> tally uzry e

for some constant C > 1 and A > 0 depending only on d and a.

Idea: Carry out our computations as simple as possible to adapt our analysis to a
discrete framework.
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The continuous case

The Sobolev space H; ,(v) is associated with the norm

2 2 2 2
lelte, oy = l&gliz, @) +1Vxeliz o) + Vel o) -

Theorem (Ayi, Herda, Hivert, Tristani (2020))

Let f solve the kinetic Lévy-Fokker-Planck equation with initial data f"" € Hy,,(u3").
Then, for all t = 0 one has

: ) ) N
() = <f> palu uzty < CIF7 = <f> tally uzry e

for some constant C > 1 and A > 0 depending only on d and a.

Idea: Carry out our computations as simple as possible to adapt our analysis to a
discrete framework.

Hypocoercivity strategy : Equivalent functional

H(F) = [flzry + alVaflLgzy + DIVl o1y +2(Vf, Vof) o, )

—1
(Mo
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Challenges of the discrete setting

Aim: Design of a consistent, stable and structure preserving numerical method for
d=1.

Preservation of the structure:
conservation of mass;
preservation of the heavy-tailed local equilibrium piq;
preservation of coercivity properties in the homogeneous case;
preservation of the hypocoercivity properties in the inhomogeneous case;

approximation of the fractional Fokker-Planck operator L, on the whole line with a
discretization on a truncated domain;

preservation of the asymptotics o — 27,

preservation of non-negativity of solutions observed numerically.
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Challenges of the discrete setting

Aim: Design of a consistent, stable and structure preserving numerical method for
d=1.

Preservation of the structure:
conservation of mass;
preservation of the heavy-tailed local equilibrium piq;
preservation of coercivity properties in the homogeneous case;
preservation of the hypocoercivity properties in the inhomogeneous case;

approximation of the fractional Fokker-Planck operator L, on the whole line with a
discretization on a truncated domain;

preservation of the asymptotics o — 27,

preservation of non-negativity of solutions observed numerically.

Result: Rigorous coercivity and hypocoercivity properties = exponential stability of
the discrete solution.
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Presentation of the numerical method (unbounded velocity domain)
Discretization of R: (v; = jh)jez with h > 0.

For a velocity distribution f : R — R,

Slight abuse of notation: f = (fj)jez.

Nathalie Ayi A numerical method for fractional Fokker-Planck CANUM, 14 Juin 2022 6 /18



Presentation of the numerical method (unbounded velocity domain)
Discretization of R: (v; = jh)jez with h > 0.

For a velocity distribution f : R — R,

Slight abuse of notation: f = (fj)jez.

Discretization of the fractional Laplacian: A" : RZ? — R” such that

(Na) ~ —(=D)"2F (v)).
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Presentation of the numerical method (unbounded velocity domain)
Discretization of R: (v; = jh)jez with h > 0.

For a velocity distribution f : R — R,

Slight abuse of notation: f = (fj)jez.

Discretization of the fractional Laplacian: A" : RZ — R” such that
(Aaf)i ~ =(=B)*2f (v).
The Huang-Oberman method (2014): the discrete fractional Laplace operator is

»
(Nef)j = DIBi(fun+fu—26)h = > Bi(fix—1)h,
k=1

kel

Lemma

There exist positive constants b, and B, depending only on o € (0,2) such that

ba Ba

h
— < < V7w
|hk|t+e Bi |hk|t+e

Vk € Z\{0} .
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Lemma (Huang-Oberman (2014))

Conservation of mass:
Di(AGw); = 0.
JEZ

Self-adjoint in the space of square summable sequences:

Yihawv; = Y (hav)ju;.

JEZ JEZ

Consistency with the usual centered finite difference approximation of the Laplacian:

. h Ujt1 + uj—1 — 2u;
lim (Aqu);] = —/———7F——2
, h2
a—2

for all j € Z.
Consistency at order 3 — a. When h — 0, one has for any u € C4(R) that

212 —(=0)u(hj) — (New)j| < Kalulesm B
je

with K. a positive constant depending only on «.
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Discretization of the Lévy-Fokker-Planck operator: L" = " + AR
where ", discrete equivalent of o, (v -).

Goal: define a consistent approximation that preserves exactly the discrete

equilibrium (M;);cz defined by
M = pa(v)-
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Discretization of the Lévy-Fokker-Planck operator: L" = " + AR
where ", discrete equivalent of o, (v -).

Goal: define a consistent approximation that preserves exactly the discrete
equilibrium (M;);cz defined by
M = pa(v)-
Idea: Using that Lope = 0 and that po is symmetric, we get

ov(vE) = 0v(Vpaf/ua)

and

Via(v) = f, (—2u)"pa(w)dw,

N =
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Discretization of the Lévy-Fokker-Planck operator: L" = " + AR
where ", discrete equivalent of o, (v -).

Goal: define a consistent approximation that preserves exactly the discrete

equilibrium (M;);cz defined by
M = pa(v)-

Idea: Using that Lope = 0 and that po is symmetric, we get
A(vf) = 0v(Vpaf/pa)

and 1
iav) 1= 3 | (8 Pua(widw,
The operator ", is
Foo1—F _1
rhe)y = it T
( @ )J h

with the numerical flux defined by the centered approximation

f f;
1= (VM), i/ s
]:1+% ( )J+% <2Mj + 2Mjt1 )’
and )
19 .
(VM) 3 == (VM)_;_1 = —5 D (NeM)h, forj=0.

k=—j
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Lemma (Basic properties)

The operator L", satisfies the following properties.

i) Mass conservation: for any suitably summable sequence u, one has

di(Lhu)ih = 0.

JEZ

i) Preservation of local equilibrium:

(LhM); = 0, VYjeZ.

iii) Consistency: for any u € C4(R), one has that

sup | (Lat) () = (Law)i] < Ka lulege) H™"C7%,
J
for some K, > 0.

iv) Non-negative symmetric part: in natural weighted ¢> space

h _ heyEmLh = L hifﬁ+k2-2
Sa(f f) = = D (Laf)ifM; h=3 > /Bk(Mj Myor M; h*,

JEL (j,k)ez?
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Numerical schemes

The homogeneous case: For a time discretization t, = n/At with time step At > 0,

f" ~ f(ta, v;) is computed by solving the implicit in time scheme

n+1 n
£l £

i = WLahHT, V(nj)eNxZ,

and starts at some given initial data (£°);.
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Numerical schemes

The homogeneous case: For a time discretization t, = nAt with time step At > 0,
f" ~ f(ta, v;) is computed by solving the implicit in time scheme

fn+1_fn . L
J n .
L1 X = (Laf)7™, V(nj)eNxZ,

and starts at some given initial data (°);.
The inhomogeneous case: For any (n,i,j) € Nx Z/N,Z x Z, t, = nAt, x; = iAx and
vj = jAv where Ax = N with N, an odd positive integer is the space step and
Av > 0 the velocity step.
fi ~ f(tn, X, v;) is computed by solving the implicit in time scheme
fn+l __£n
ij [ Ax £\n+1 Av o\n+1 P
JT’ + (T = (O, V(n,ij)eNXxZ/NZ x 7,
with given initial data (f;);. The discrete transport operator writes

n . — f .
TAXf no_ i+l i—1,j .
( )i ! 2Ax
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Exponential stability

Theorem (Ayi, Herda, Hivert, Tristani (2021))

Suppose that Ny is odd. There exists Avy > 0 such that if f is a solution of the
discrete kinetic Lévy-Fokker-Planck equation with initial data (f,-?j),-,j € Haen (M7h),
then for all Av < Avq and for all n € N, one has

0 _n
1" = 2Ny, ey S CUFE =y um1y (L4 204872,
for some constants C > 1 and A > 0 depending only on « and

Favan ;
P2 = e M With  (Oavav = ez fis AXAV.

Discrete functional setting: discrete Sobolev norms

2 2 2 2
”fHHiXYAV(Mfl) = Hf”%x,m("”") + |‘DAfoeZAX7AV(M71) + ‘|DAfo£2AX7AV(M*1)
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Discrete functional setting: discrete Sobolev norms

2 2 2 2
||f”H£X’AV(M—1) = ”f”eix,AV(M—l) + ”DAfoeZAX’AV(M—l) + HDAfoﬂAX’AV(M—l)

with the scalar product

fiigij
<f’g>[2Ax,Av(M71) = Z ETAXAV

€7/ Ny Z jEL J

and the associated norm | - HZZA L, (1) and where
A

V(i,j) € Z)NyZ x Z, (Daxf)ij = % (Dayf)ij = %
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Ideas and challenges in the proof

e Same roadmap as in the continuous setting: close estimates on twisted
hypocoercivity norm of solution

IF|? + a| Daxf|* + b|Dayf|*+2¢ {Daxf, Da,f)
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Ideas and challenges in the proof

e Same roadmap as in the continuous setting: close estimates on twisted
hypocoercivity norm of solution

IFI? + a| Daxf|? + b||Day f|*+2c{Daxf, Da,f)

e Functional analysis tools in the discrete setting

Discrete fractional Sobolev norms :

(8 —gitk)* -1 A 2
=N ) EoE a2 s
142 J ’
ez ke o} |Avk|itzs

2
|g|/-'/ZV(M71)

Interpolation inequalities
ID%.81%, < < IDavell, + Ko lsliy,

Non-local Poincaré inequality

If = Navfliz -y S Sa“(F,f)
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Ideas and challenges in the proof

e Same roadmap as in the continuous setting: close estimates on twisted
hypocoercivity norm of solution

IF|? + a| Daxf|* + b|Dayf|*+2¢ {Daxf, Da,f)

e Functional analysis tools in the discrete setting

Discrete fractional Sobolev norms :

2 gj+k) —1 A 2
gl -1y = Z Z |Avk|1+2s M;~Av, s>0
Jez kez (o}

Interpolation inequalities
1DX,el% < <|Davalyy + K() el
Non-local Poincaré inequality
If = Navfli -1y S Sa¥(F,F)
e Technical challenges: Nasty commutators in the discrete setting

[Ov,La] = 0v vs. [Dav, Lg] = Dp, + remainders
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Numerical simulations

Test case 1: convergence of the scheme in the homogeneous case.

Error in L L?(uz dv) norm Error in LY, norm

100% —— — 1002 ——r — g
107 | 107 |
1072 g 1072 F E
1073 g 1073 F 5
I I ——a = 0.8 [

10~* g 1074 g —e—a=1 ¢
i 1 F ——a =15 []

10—5 Lol I L1111l 10—5 Lol I T T 17711

1072 1071 10° "~ 1072 1071 10°
Meshsize Meshsize

Figure: Test case 1. Error in L?Lz(ugldv) (left) and LY, (right) norm between approximate
and analytical solution.
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Test case 2: preservation of the heavy tails (homogeneous case).
Truncated velocity domain [—L, L] with L = 20, 1025 mesh points, time step At = 1072
The initial data: i 1
£0,v) = EX[73,71](V) + ZX[OA](V)y
where x; is the indicator function of the set /.

0.8 ]_00 TTTTTT T T TR T T T TTTIT

TTTTT
-
Ll

0.6 |- N 1071 ; \ E
0.4 I | |
107 E
Al | [-=t=0
> 103 £=05 b
o) :
0 LT LT LTIl Ll
—20 —10 0 10 20 1071 10° 10!
v v

Figure: Test case 2. Approximate densities at t = 0.5. On the right the logarithmic scale allows
to see the heavy-tail decay. Here oo = 1.1.
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0.8 10°
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0 |—t=2 |

I 1073 H--- O(lv[7) 3

O 1 COTTITT T T 1107 L] I
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Figure: Test case 2. Approximate densities at t = 2. On the right the logarithmic scale allows to
see the heavy-tail decay. Here @ = 1.1.
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Test case 3: numerical hypocoercivity (long time behavior).

Otf + v -Vif = Lif
with x € R/(27Z) and v € R. Velocity domain truncated at L = 16, discretized 65 points
(J = 32). Space domain, of size 2, discretized with 128 points. Time step At = 1072,
final time T = 35. Error of 4.5-1072 in LY, , norm between the computed solution and

the reference solution.

~ 10° —— Computed ||
19 --- - Reference
= 107°|
3
o
kS
N
| 10710 [
W
= -
~15 | | |
10 0 10 20 30

t

Figure: Test case 3. Time evolution of the distance between the steady state and the
approximate and reference densities in L)%yv(,ugldvdx) norm.
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Thank you for your attention.
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