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Regularization by noise

o Let BY be a fractional Brownian motion with Hurst parameter
H<1/2 (= W := B/ denotes Brownian motion).
@ Well known: Reflected Brownian motion solves the following SDE:

t
X, = LX(0) + B2, where “LX(0) = fo o (X, )dr".
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o Let BY be a fractional Brownian motion with Hurst parameter
H<1/2 (= W := B/ denotes Brownian motion).
@ Well known: Reflected Brownian motion solves the following SDE:

t
X, = LX(0) + B2, where “LX(0) = fo o (X, )dr".
@ Do we have existence and uniqueness to the SDE
t
X, = fo &(X,)dr + B, (o)

where ¢ has a singularity, is a finite measure, or is even in a more
general class of distributions? (see also Nualart and Ouknine (2002),
if H=1/2 see e.g. Krylov and Rockner (2005), Davie (2007))
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Regularization by noise

Let BH be a fractional Brownian motion with Hurst parameter
H<1/2 (= W := B/ denotes Brownian motion).
Well known: Reflected Brownian motion solves the following SDE:

t
X, = LX(0) + B2, where “LX(0) = fo o (X, )dr".
Do we have existence and uniqueness to the SDE
t
X, = fo &(X,)dr + B, (o)

where ¢ has a singularity, is a finite measure, or is even in a more
general class of distributions? (see also Nualart and Ouknine (2002),
if H=1/2 see e.g. Krylov and Rockner (2005), Davie (2007))

We can rephrase (o) by X = X - B as

~ t ~ H
% = fo &(X, + BMYdr.

Hope: x — TtBHgb(x) = [ ¢(x + BM)dr is regular.
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Averaging operator

Definition
Let w e C([0, T],R). For bounded measurable ¢: R — R let

T ¢(x) = fotqb(x +w,)dr for (t,x) € [0, T] xR.
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Averaging operator for ¢ = 1[g1,0.9]
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T 1[g.1,00](X) = fo Ijo.1,00)(x +w,)dr for (t,x) € [0, T] xR
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Different kinds of solutions

Definition (Adapted vs. path-by-path solutions)

For a bounded measurable function ¢, we consider

t
x,_;=f0 é(X,)dr + BN

()
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Different kinds of solutions

Definition (Adapted vs. path-by-path solutions)

For a bounded measurable function ¢, we consider

X, = f0t¢(X,)dr+B,_f". 2)

o Let (Q,F,F,P) be a filtered probability space and {B#}te[O,T] an
F-fBm defined on it. We call a continuous [F-adapted process
{ Xt} o, fulfilling (2) a weak solution.
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X, = fot¢(X,)dr+B,_f". 2)
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o H . o
o If X is FB -adapted, we call it a strong solution.

o We call X:Q - C([0, T],R) a path-by-path solution if it fulfills (2)
for w e Q c Q with P(Q) = 1.
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Different kinds of solutions

Definition (Adapted vs. path-by-path solutions)

For a bounded measurable function ¢, we consider

X, = fot¢(X,)dr+B,_f". 2)

o Let (Q,F,F,P) be a filtered probability space and {Bﬁ}te[O,T] an
F-fBm defined on it. We call a continuous [F-adapted process
{ Xt} o, fulfilling (2) a weak solution.

o H . o
o If X is FB -adapted, we call it a strong solution.

o We call X:Q - C([0, T],R) a path-by-path solution if it fulfills (2)
for w e Q c Q with P(Q) = 1.

v

strong existence ‘ — ’ weak existence ‘ — ’ path-by-path existence ‘
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Definition of local time at x e R

LL/V(X) = |img_>0 2%_ fot ]l{BE(x)}(Wr)dr
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Definition of local time at x € R
LL/V(X) = |img_>0 2%_ fot ]l{BE(x)}(Wr)dr

o Heuristically “LY (x) = [5 0x(W,)dr".
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Definition of local time at x € R
LL/V(X) = |ime_>0 2%_ fot ]l{BE(x)}(Wr)dr

o Heuristically “LY (x) = [5 0x(W,)dr".
o [y La(W,)dr=[,LV (x)dx (= [y F(W,)dr= [ f(x)LY (x)dx
for bounded measurable f).
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Definition of local time at x e R

LYY (x) = limeso = o Lip.(x)y (W, )dr

o Heuristically “LY (x) = [5 0x(W,)dr".
o [y La(W,)dr=[,LV (x)dx (= [y F(W,)dr= [ f(x)LY (x)dx
for bounded measurable f).

—— Local Time at 0
— BM
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Fractional Brownian motion

Definition

Let H e (0,1). We call the centered Gaussian process { B/} > with
covariance function

E[B{B{'] = 3(£" +s? — |t - 5"

a fractional Brownian motion (fBm) with Hurst parameter H.
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Fractional Brownian motion

Definition

Let H e (0,1). We call the centered Gaussian process { B/} > with
covariance function

E[B{B{'] = 3(£" +s? — |t - 5"

a fractional Brownian motion (fBm) with Hurst parameter H.

e B2 is a Brownian motion.

o For H#1/2, B" is neither Markov nor a (semi)martingale.
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Fractional Brownian motion

Definition

Let H e (0,1). We call the centered Gaussian process {B/’}:5 with
covariance function

E[B{B{'] = 3(£" +s? — |t - 5"

a fractional Brownian motion (fBm) with Hurst parameter H.

e B2 is a Brownian motion.
o For H#1/2, B" is neither Markov nor a (semi)martingale.

o B" is almost surely v-Holder continuous for v € (0, H) on any
compact interval.
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Regularising with fBm

Idea: “rougher noise == more regularisation”
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Regularising with fBm

Idea: “rougher noise == more regularisation”

Theorem (Catellier and Gubinelli 2016)

Let p € C® fora>1 - % Then there exists a set of full measure w.r.t.
the law of fBm such that there exists a unique solution X € C([0, T]) to

t H
Xf:fo &(X,)dr + B
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Regularising with fBm

Idea: “rougher noise == more regularisation”

Theorem (Catellier and Gubinelli 2016)

Let p € C® fora>1 - ﬁ Then there exists a set of full measure w.r.t.
the law of fBm such that there exists a unique solution X € C([0, T]) to

t H
Xf:fo &(X,)dr + B

In case of ¢ = Jg this gives a unique solution for H < 1/4. Main objective:
Establish sharpness of this inequality or extend to larger values of H!
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Averaging operator defined via the local time

Equation of interest

t H ~ t ~ H & H
Xt=f0 $(X,)dr + B! <=>Xt=f0 &(X, + B)dr, for X = X - B
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Averaging operator defined via the local time

Equation of interest

t H ~ t ~ H & H
Xf:fo $(X,)dr + B! <=>Xt=f0 &(X, + B)dr, for X = X - B

Let ¢ € Co(R) and TE"¢(x) := [ ¢(x + BH)dr. Then

t - H N tit1 ~ H
fo 6(%, + B )dr = Jim Zf é(Xe, + BH)dr

= am ;Tft,ﬂsb(xt) " fo TB 5(X,).
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Averaging operator defined via the local time

Equation of interest

t H ~ t ~ H & H
Xf:fo $(X,)dr + B! <=>Xt=f0 &(X, + B)dr, for X = X - B

Let ¢ € Cp(R) and TE"¢(x) = [ ¢(x + BI)dr. Then
t ~ H N tit1 ~ H
fo 6(%, + B )dr = Jim Zf é(Xe, + BH)dr
= ,J'm Z Tt,Bt,+1¢(Xt f Tdr ¢(X)
Let L denote the local time of B" and ¢ € C,(R). Notice that

TS“ngb(x):j];{(b(x-kz)Ls,t(z)dz:(¢*Zs7t)(x), VxR,

where [;(x) = Ls(-x)
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Reformulation as nonlinear Young differential equation

X, = f0t¢(x,)dr+3ﬁ (o)
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Reformulation as nonlinear Young differential equation

X, = f0t¢(x,)dr+3ﬁ (o)

For L sufficiently smooth and ¢ in an appropriate space of distributions
(Besov space), we can extend the definition of T by

TE" $(x) = (6, L (- - x)).
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Reformulation as nonlinear Young differential equation

X, = f0t¢(x,)dr+5f (o)

For L sufficiently smooth and ¢ in an appropriate space of distributions
(Besov space), we can extend the definition of T by

TE" $(x) = (6, L (- - x)).

Definition
Let ¢ be a distribution such that TBH¢ is sufficiently regular. We call
X :Qx[0,T] = R a path-by-path solution to (e) if, for X = X — B,

- t on

%= [ TE (%)

holds for almost every realisation of B'.

v
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Key steps for existence of path-by-path solution

Ko [TTE o(%)

@ Determine regularity of TBHd) via the regularity of the local time of a
fBm (~ L e CY/20-H)(¢1/(2H)=1/2)) " (also see Harang and Perkowski
(2021))
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Key steps for existence of path-by-path solution

~ t H ~
Xe = A TdBr (b(Xr)
@ Determine regularity of TBHd) via the regularity of the local time of a
fBm (~ L e CY/20-H)(¢1/(2H)=1/2)) " (also see Harang and Perkowski

(2021))
e Extend operator to distributions (in some Besov space).
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Key steps for existence of path-by-path solution

Ko [TTE o(%)

@ Determine regularity of TBHd) via the regularity of the local time of a
fBm (~ L e CY/20-H)(¢1/(2H)=1/2)) " (also see Harang and Perkowski
(2021))

e Extend operator to distributions (in some Besov space).

@ Reformulate equation as a nonlinear Young integral equation.

@ Develop additional theory for nonlinear Young integral equations that
makes use of nonnegative increments of TBHQS.

@ Search for X in the space of functions with finite 1-variation (via an
Euler scheme - next slide) — ©.
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Key steps for existence of path-by-path solution

Ko [TTE o(%)

@ Determine regularity of TBHgb via the regularity of the local time of a
fBm (~ L e CY/20-H)(¢1/(2H)=1/2)) " (also see Harang and Perkowski
(2021))

e Extend operator to distributions (in some Besov space).

@ Reformulate equation as a nonlinear Young integral equation.

@ Develop additional theory for nonlinear Young integral equations that
makes use of nonnegative increments of TBHQS.

@ Search for X in the space of functions with finite 1-variation (via an
Euler scheme - next slide) — ©.

Please give me a function with regular local time

Note that the above approach requires no probability theory, having a
function with sufficiently regular local time is sufficient.
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Theorem
Let ne(0,1] and p>1 with 1/p+n>1. Let A cf "‘"(C”) with
Asi(y) 20 forall y e R and all (s,t) € A ). Then there exists a

solution x € C[l "aa to the nonlinear Young equation

t
xt:fo Agr(x.), Ve [0, T].
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Sketch of the proof

W.lo.g., let T=1. For neNand 0< k< n, let t]:=k/n, X§ :=0 and
define recursively

-n _ =n oh
Xis1 = Xie + Aenen (%K)

We embed (X/)}_q into Cjg 1] by

Xt = Y Agen, (R) (5)
0<kg| nt]
t n EAtisy n n
= / Adr(Xr ) + Z ([n Adr(Xt,'(’) - Adr(Xr )) . (6)
0 o<ks[nt] \7 T

Let € > 0. Then for n large and 0 < s < u <1 with |u - s| small

Xt = [X"]c[lgji <C(pn) ([A]cf;fj]'(Cn) + [A]Cgrj]r(CW)[Xn]Z[lgﬁ + 5)
er < C [Alegiien +2

-var < 5 : o
g cte ) Clp.mIAlevrien)
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Regularising with fBm

Theorem (A., Richard, and Tanré 2021)

For H<+/2-1 and ¢ a nonnegative finite measure, there exists a

path-by-path solution to (e). Furthermore, building on this construction,
we can also construct a weak solution.
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Regularising with fBm

Theorem (A., Richard, and Tanré 2021)

For H<+/2-1 and ¢ a nonnegative finite measure, there exists a
path-by-path solution to (e). Furthermore, building on this construction,
we can also construct a weak solution.

v

Corollary

As a corollary of the general Theorem one gets, for a nonnegative bump
function & and € > 0, a weak solution to

t
X, = fo X734 (X, ) dr + W
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Different notions of uniqueness

Definition (Pathwise uniqueness vs. path-by-path uniqueness)

For a bounded measurable function ¢, we consider

t
Xt:fo é(r, X, )dr + W,.
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Different notions of uniqueness

Definition (Pathwise uniqueness vs. path-by-path uniqueness)

For a bounded measurable function ¢, we consider

X, = fot¢(r,X,)dr+ W.. (o)

@ We say that pathwise uniqueness holds if for any weak solutions X, Y
defined on the same filtered probability space, X = Y.
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Different notions of uniqueness

Definition (Pathwise uniqueness vs. path-by-path uniqueness)

For a bounded measurable function ¢, we consider

X, = fot¢(r,X,)dr+ W,. (o)

@ We say that pathwise uniqueness holds if for any weak solutions X, Y
defined on the same filtered probability space, X = Y.

o We say that path-by-path uniqueness for () holds if for any
probability space on which a Brownian motion W is defined, there
exists a null-set A/ such that for w ¢ A/, there exists a unique solution
to

X,(w) = fot¢(r,Xr(w))dr+ Wi (w).

path-by-path uniqueness ‘ = ’ pathwise uniqueness ‘
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Uniqueness and counterexamples

t
xt=x0+fo o(r, X, )dr + Ws,  Xo = xo € RY (o)

Theorem (Krylov and Réckner 2005)

Let ¢ € LI([0, T], LP(RY)) for p>2,q>2 with d/p +2/q < 1. Then there
exists a pathwise unique strong solution to (e).
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Uniqueness and counterexamples

Xt—X0+f o(r, X,)dr + We,  Xo=x0 ¢ RY

Theorem (Krylov and Réckner 2005)

Let ¢ € LI([0, T], LP(RY)) for p>2,q>2 with d/p +2/q < 1. Then there
exists a pathwise unique strong solution to (e).

Theorem (Davie 2007)

Let $:[0, T] xRY > RY be bounded and measurable. Then path-by-path
uniqueness holds.
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Uniqueness and counterexamples

t
xt=x0+f0 o(r, X, )dr + Ws,  Xo = xo € RY (o)

Theorem (Krylov and Réckner 2005)

Let ¢ € LI([0, T], LP(RY)) for p>2,q>2 with d/p +2/q < 1. Then there
exists a pathwise unique strong solution to (e).

v

Theorem (Davie 2007)

Let $:[0, T] xRY > RY be bounded and measurable. Then path-by-path
uniqueness holds.

Counterexamples (Shaposhnikov and Wresch 2020, A. 2022)

One can construct drifts ¢ : [0, T] x R? - R9 such that

© there is existence of path-by-path solutions to (e), but there exists no

weak solution;
@ there exists a pathwise unique weak solution to (e), but path-by-path

uniqueness is lost.

Lukas Anzeletti SDEs with singular drift June 2022 18/23



Uniqueness for unbounded functions

Xt:/0t¢(xr)dr+ Wi — Xt:/0t¢()?r+ W, )dr (o)

Theorem (A., ongoing work)

Let o> =1/2 and let ¢(x) := 1 .0y|x|*E(x) for a bump function . Then
there exists a unique path-by-path solution to equation (e).

o Let X! # X? be solutions to (e)

o W.lo.g. 3 time interval [s,t] on which |[X1 + W|> X% + W|

@ By monotonicity of ¢, on [s, t], o(X* + W) < p(X? + W) (if
X%+ W #0)

e —> X! - X2 is monotone on [s, t]. Finding a nonlinear Young
integral equation that is solved by X! — X2, we get

[X! - >”<2]C[1.Va], = (X' = X?)se| < C(t—5)[ X! - >”<2]C[1. -
s,t s,t
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Obstacles in the rigorous proof

- . %2 . .o c
@ Ensure sufficient regularity of TX*W¢ in order to write X! — X? as
the solution to a nonlinear Young integral equation
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Obstacles in the rigorous proof

- . %2 . .o c
@ Ensure sufficient regularity of TX*W¢ in order to write X! — X? as
the solution to a nonlinear Young integral equation

@ Ruling out the possibility that X2+ W =0 on a set of positive
measure to ensure that X — X2 is actually nondecreasing on [s, t]

Lukas Anzeletti SDEs with singular drift June 2022 20/23



Obstacles in the rigorous proof

- . %2 . .o c
@ Ensure sufficient regularity of TX*W¢ in order to write X! — X? as
the solution to a nonlinear Young integral equation

@ Ruling out the possibility that X2+ W =0 on a set of positive
measure to ensure that X — X2 is actually nondecreasing on [s, t]

© Open problem: How to ensure @ in the fractional Brownian motion
case?

Lukas Anzeletti SDEs with singular drift June 2022 20/23



A, Lukas (2022). “Comparison of classical and path-by-path solutions to
SDEs". In: arXiv: 2204.07866 [math.PR].
A., Lukas, Alexandre Richard, and Etienne Tanré (2021). “Regularisation
by fractional noise for one-dimensional differential equations with
nonnegative distributional drift”. In: arXiv: 2112.05685 [math.PR].
- Catellier, R. and M. Gubinelli (2016). “Averaging along irregular curves
and regularisation of ODEs". In: Stochastic Process. Appl. 126.8,
pp. 2323-2366.

- Davie, A. M. (2007). “Uniqueness of solutions of stochastic differential
equations”. In: Int. Math. Res. Not. IMRN 24, Art. ID rnm124, 26.

' Harang, Fabian Andsem and Nicolas Perkowski (2021). “C*-regularization
of ODEs perturbed by noise”. In: Stoch. Dyn. 21.8, Paper No. 2140010,
29.

- Krylov, N. V. and M. Rockner (2005). “Strong solutions of stochastic
equations with singular time dependent drift”. In: Probab. Theory
Related Fields 131.2, pp. 154-196.

Lukas Anzeletti SDEs with singular drift June 2022 21/23


https://arxiv.org/abs/2204.07866
https://arxiv.org/abs/2112.05685

- Nualart, David and Youssef Ouknine (2002). “Regularization of differential
equations by fractional noise”. In: Stochastic Process. Appl. 102.1,
pp. 103-116. 1SSN: 0304-4149.

- Shaposhnikov, A. and Lukas Wresch (2020). “Pathwise vs. path-by-path
uniqueness” . In: Preprint arXiv:2001.02869.

Lukas Anzeletti SDEs with singular drift June 2022 22/23



Questions please!
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