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Reduce the computational costs of parameter-dependent
problems with Non-Intrusive Reduced Basis methods
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Introduction Red uced baS|S methOdS

y M=A{u(p)e Vlpeg}cV.

» Parameter: i € G,

M » Solution: u(u) € V.

Figure: Solution manifold
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acion | Reduced basis methods

4

XN

M={u(p)e V|peg}tcV.

» XN Reduced basis space,
oM Parameters ju1,...,un € G,

(M1

7

PY A
» Snapshots u(u1), ..., u(un) € Vh,

==
~u(sr*U() >~  » Projected snapshots onto XV.

Figure: Solution manifold
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» Projected new solution onto XV,
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Introduction to the NIRB methods

Reduced basis methods

y M=Au(p)e V|ipeg}tcV.

» XN Reduced basis space,

XN
p » Parameters juq,...,un € G,
(1 - / » Snapshots u(y),. .., u(un) € V,
i u(pzy > Projected snapshots onto XNV.
Figure: Solution mamfold inf  dist(M, XN)
dim(XN)=N ’ '

Kolmogorov n-width must be small ' 2

' P. Binev, A. Cohen, W. Dahmen, R. DeVore, G. Petrova, P. Wojtaszczyk Convergence rates for greedy algorithms
in reduced basis methods. 2011.

2 A. Buffa, Y. Maday, A.T. Patera, C. Prudhomme, and G. Turinici, A Priori convergence of the greedy algorithm for
the parameterized reduced basis. 2012.
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Introduction to the NIRB methods

Reduced basis methods

y Mp = {un(n) € Vbl p € G} C Vi
h

> X} Reduced basis space,
f‘_\_M” » Parameters py,...,uny € G,
M. > Snapshots up(p1), - .., Up(un) € Vh,
—un(iy” » Projected snapshots onto X}
Figure: Solution manlfold Kolmogorov n-width must be small ! 2

" P Binev, A. Cohen, W. Dahmen, R. DeVore, G. Petrova, P. Wojtaszczyk Convergence rates for greedy algorithms
in reduced basis methods. 2011.

2A. Buffa, Y. Maday, A.T. Patera, C. Prudhomme, and G. Turinici, A Priori convergence of the greedy algorithm for
the parameterized reduced basis. 2012.
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Introduction to the NIRB methods

Reduced basis methods

» Optimization over parameter space
» High Fidelity (HF) real-time simulations

Non-Intrusive Reduced basis methods (NIRB)

Industrial context — black box solver




A model problem

A model
problem

Introduction to the two-grid method within the parabolic
context
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us — pAu = f, in Qx]0, T],
A model u(x,0) = up(x), in 9,

Introduction

roblem
- u=0, on dQ, vt e [0, T,
estimates

| » [ € R: Variable parameter

results

> u(x, t; 1): Unknowns
m up € Vjon the fine mesh 7, and fine time grid F, (HF),
m uf] € Vy on the coarse mesh 7 and coarse time grid Gp,.

i1 Offline stage: un((x, t")1): Snapshots on 7
2 Online stage: uy(u, t™): Solutionon 7 (H? ~ h)

3R. Chakir, Y. Maday, A two-grid finite-element/reduced basis scheme for the approximation of the solution of
parameter dependent PDE. 2009.
“E. Grosjean, Y. Maday, error estimate of the non-intrusive reduced basis method with finite volume schemes. 2021.
5E. Grosjean, Y. Maday, A doubly reduced approximation for the solution to PDE’s based on a domain truncation and
a reduced basis method: Application to Navier-Stokes equations. 2022.
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NIRB approach

A model
problem

The NIRB two-grid method is applied with two different
time schemes.
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Introduction . .
A e Separation of variables
problem
Error
estimates N
:leusTﬁ;ical Uh(x, t; /J) = Z ajh(ua tn) d)jh(x)a

=1

(®])j=1,...n € X}’ L2-orthonormalized basis functions (modes)

Coefficients a'(y., ")
¢ Optimal coefficients: (un(u, t"), d)lf’(x)),
* Our choice: (Un(p, I™), ®N(x)), with (®7),_1__n L? & H'-orthogonalized

77777

7116
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NIRB — OFFLINE/ON

LINE

REDUCED BASIS

Mz N

RECTIFICATION R”

OFFLINE
AR ] COARSE SNAPSHOTS
fn(g, ), - ey, ) {up (1, 1), - - U (enirain, F7))
reedy

Projection:

NIRB

N -
NI im), of) of

ONLINE

Projection with rectification:

N n im hy oh
.Z1H1,/(’n(UH(M) ), ;') &;
=

approximation: uuh"(u,)
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Greedy algorithm

— L2 orthonormalization.
+ Eigenvalue problem: Vv € X}V, [, V&, - Vv =\ [, Py Vv

— L2(Q) and H'(Q2) orthogonalization.
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Numerical fOF k = 1 PR N

results ~ ||Uh(u,tn)—Pk_1(Uh(ﬂatn))“
= argmax O
ueg,n={0,~~,A—,,__}

6. Papez, U. Riide, M. Vohralik, B. Wohimuth. Sharp algebraic and total a posteriori error bounds for h and p finite
elements via a multilevel approach. 2017.
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Energy error estimate with P; FE (parabolic equations)

Introduction
s r n
Error Ny ) - o (“)” S(N) + Cih+ CoAtr + Cs(N)H? + C4(N)AE,
estimates H! (Q) —
Numerical Tz

results

~ O(h) 4+ O(At) if H? ~ h and A2 ~ At

where Cy, C, are constants independent of hand H. 7

V. Thomee. Galerkin finite element methods for parabolic problems. 2007
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Energy error estimate with P; FE (parabolic equations)

T3

Ty
2 2
< Z(N) + Cih + Catr + Co(N)H2 + Co(N)AB,
N

Tz
~ O(h) + O(Ate) if H? ~ h and A3 ~ Atg,

vn, )

u(t") (1) = upy (1)

where Cy, C, are constants independent of hand H. 7

Crank-Nicholson L2 estimate (P; FE).

vYm > 0,

m

.
[40) = sy < OH leolligay + [ Iklsegey 5] + €A [ Qs +lBtlsy) ds:

V.. Thomee. Galerkin finite element methods for parabolic problems. 2007
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f(t,%) = 100 (x — 1)2y2(y — 1)% — 2((6x* — 6x + 1)(¥?(y — 1)?) + (6y* — 6y + 1)(x*(x — 1)?))],
[IRS (Oa 10] Relative errors with NIRB algorithm
FEM H* error NIRB: H* errors
6x10-4 * FEM ~+— NIRB + PT
x ——— h —— NIRB
i - p
Numerical
results 4x107 Ve

0.20 0.30 020 0.30
h (size of the fine mesh) h (size of the fine mesh)

Figure: Test with Ntrain =10, =1, h ~ Atf
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f(t,%) = 10[x%(x — 1)2y%(y — 1) — 2t((6x* — 6x + 1)(y?(y — 1)?) + (6y° — 6y + 1)(x*(x — 1)))],
n e (0, 10]. Relative errors with NIRB algorithm
H! norm L? norm
Numerical :
results |

Error (log scale)

== = uplls
= = unfle
-~ NIRB + Rect, ~~77TTTTTTTTmmiessossennssneee

||||||||||
2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
functions ) functions)

Nev (number of basis. Nev (number of basis.

Figure: Test with L>°(0, T; H'(2)) (left) and L>(0, T; L2(R)) (right) relative errors
with a new parameter (a,b) = (2,4), T =5, 2 =[0,1] x [0,1]
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Introduction
A model
F(t,%) = 10[3(x — 1)2y2(y — 1)? — 20((6x — 6x + 1)(¥2(y — 1)?) + (6¥ — 6y + 1)(x2(x — D)),
estﬁnates
Numerical me (0, 10]
results “ - H

Un(nAtE) (1) = Upy" (1) Un(nAtE) (1) —un(nAte) (1)
NIRB rectified error max il max len(oate) o —untratr)e .
=1, 7/at ||lun(raE)w)] n=1,.c..T/ Al [[un(nate) ()] 0
0.06 2.31x10-10 6.84

Table: Maximum H' error over the parameters [ = 10] (compared to the true NIRB
projection and to the FEM coarse projection) with N = 20
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Numerical results

NIRB approximations at time n=0,4,7,10
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Table: FEM runtimes
Numerical FEM high fidelity solver | FEM coarse solution
e 00:03 00:02

Table: NIRB runtimes (N = 18)

NIRB Offline | classical rectified NIRB online
1:45 00:02
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ou=a+u?—(b+1u+alu
Numerical
results 8tV = bu — UV2 —+ aAV.

> (u(x, t; w), v(x, t; 1)) Unknowns

> | n=(a,b,a) € R3: Variable parameter
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Relative errors with NIRB algorithm
H! norm L? norm

Numerical
results

Error (log scale)

T = vl T vl
T —#— NIRB + Rect. —4— NIRB + Rect.

||||||||||||||||||||||||
0 2 4 6 8 10 12 14 16 18 20 22 24 26 0 2 4 6 8 10 12 14 16 18 20 22 24 26
Nev (number of basis functions ) Nev (number of basis functions)

Figure: Test with L>°(0, T; H'(2)) (left) and L>(0, T; L2(Q)) (right) relative errors
with a new parameter =1, T =2, Q = [0,1] x [0, 1]
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a=2 b=4¢(0,5).
Numerical Un(nAE) (1) — Upy" (1) Un(nAtE) (1) — Up (At (1)
rasulta NIRB rectifed ertor | max | Wl e Nennate)on)—untnnte )y
n=1,....T/Ate ||Uh(nA[F)(N')||H(1) n=1,....T/Ate ||uh(nAt,.—)(p,)||Ha
05 1.3x10°9 a5

Table: Maximum H' error over the parameters [ = 10] (compared to the true NIRB
projection and to the FEM coarse projection) with N = 20
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» Error estimates of the NIRB 2-grid method with parabolic problems
» Development of two new NIRB tools

Numerical -
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Figure: Meniscus tissue

» Two-grid a-posteriori error estimates
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» Error estimates of the NIRB 2-grid method with parabolic problems
» Development of two new NIRB tools

d N
{ ) —: TECHNISCHE UNIVERSITAT
\ //’ = KAISERSLAUTERN

Figure: Meniscus tissue

» Two-grid a-posteriori error estimates
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Merci pour votre attention!
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