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Homogenisation

All you need to know about homogenisation (for this talk)

⟹
ε → 0

−∇ · a( ·
ε

)∇uε = f −∇ · a∇u = f

aei = E [a(∇ϕi + ei)(0)]

−∇ · a (∇ϕi + ei) = 0 in Rd

=⇒ ∇ϕi = ∇(−∇ · a∇)−1∇ · aei
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Introduction

Two-phase material

δ ∼ 1

P = {x}x∈P : random point process

• Stationnary ergodic
• θ(P) = 1
• δ(P) ∼ 1

a(P) = α +
∑

x∈P 1B1(x)β
Homog.=⇒ a(P)
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Introduction

Dilated two-phase material

Lδ ≫ 1

LP = {Lx}x∈P : dilated random point process

• L � 1

• Stationnary ergodic
• θL = L−d � 1
• δL = Lδ � 1

a(LP) = α +
∑

x∈P 1B1(Lx)β
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Introduction

Main question

What can we say about L 7→ aL(P) ?
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Introduction

Outline

Main result

Fixed point approach
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Main result

Theorem (P. ’21)
For P hardcore stationnary ergodic, L−1 7→ aL analytic at 0.
There exists, (A(i))i∈N ∈

(
Rd×d

)N
s.t,

aL = α +
∞∑

i=d

A(i)L−i .

For e ∈ Rd,

aLe = αe + L−d

ˆ
B1

βE◦
[(

Id −L−dB◦KL
)−1

(∇ϕ◦ + e)
]

with L−1 7→ KL analytic.
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Fixed point approach

Main steps

• 0th order :

aLe = αe + L−d

ˆ
B1

βE◦ [(∇ϕ + e)(LP◦, x)] dx

• Fixed-point formulation:

(∇ϕ + e)(LP◦) =
(
Id −L−dB◦K(LP◦)

)−1
(∇ϕ◦ + e) in B1

• Fixed-point operator : |||K||| . 1
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Fixed point approach

0th order reformulation

aLe = αe + L−d

ˆ
B1

βE◦ [(∇ϕ + e)(LP◦, x)] dx

Indeed,

aLe = E
[(

α +
∑
x∈P

β1B1(0 − Lx)
)

(∇ϕ + e) (LP, 0)
]

= αe + αE [∇ϕ] + E
[∑

x∈P
β1B1(0 − Lx) (∇ϕ + e) (LP, 0)

]

= αe + E
[∑

x∈P
β1B1(−Lx) (∇ϕ + e) (L(P − x), 0 − Lx)

]

= αe +
ˆ
Rd

β1B1(−Lx)E◦ [(∇ϕ + e) (LP◦, −Lx)] θ dx
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Fixed point approach

Single inclusion problem

0 ∈ P◦

Set a◦ := α + 1B1β and consider ϕ◦ solution of

−∇ · a◦ (∇ϕ◦ + e) = 0 in Rd

Since a◦ = a(LP◦) in BLδ(0), we expect ∇ϕ(LP◦) ' ∇ϕ◦ on B1.
Clausius-Mossotti :

aLe ' αe + L−d

ˆ
B1

β (∇ϕ◦ + e)

= αe + L−d dβ

β + dα
e

Ref : Rayleigh-Maxwell [JKO], Berdichevsky, Anantharaman-Le Bris,
Duerinckx-Gloria, . . .
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Fixed point approach

Formal computations
• PDE for the ϕ(LP◦) − ϕ◦

−∇ · a◦∇ (ϕ(LP◦) − ϕ◦) = ∇ ·
∑

x∈P◦
x 6=0

β1B1(Lx) (∇ϕ(LP◦) + e)

• −∇ · a◦∇ −∆ in the above :

∇ϕ(LP◦) + e = (∇ϕ◦ + e) + ∇2G ∗
∑

x∈P◦

x6=0

β1B1(· − Lx) (∇ϕ + e) (LP◦)

= (∇ϕ◦ + e) +
∑

x∈P◦

x 6=0

∇2G(· − Lx) ∗ β1B1 (∇ϕ + e) (L(P◦ − x))

= (∇ϕ◦ + e)

+ L−d
∑

x∈P◦

x6=0

∇2G
( ·

L
− x
)

∗ β1B1 (∇ϕ + e) (L(P◦ − x))
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Fixed point approach

Formal computations
• Fixed Point : K(LP◦)f :=

∑
x∈P◦
x 6=0

∇2G
( ·

L − x
)

∗ β1B1f(L(P◦ − x))

(∇ϕ + e)(LP◦) = (∇ϕ◦ + e) + L−dK(LP◦)(∇ϕ + e)

(∇ϕ + e)(LP◦) =
(
Id −L−dK(LP◦)

)−1
(∇ϕ◦ + e)

• Taylor expand L−1 7→
∑

x∈P◦
x 6=0

∇2G(x − ·
L)

• −∆ −∇ · a◦∇ : Ha◦f := ∇u with −∇ · a◦∇u = ∇ · f

Ha◦ = Hα + Ha◦ (1B1Hα)

= B◦Hα

(∇ϕ + e)(LP◦) =
(
Id −L−dB◦K(LP◦)

)−1
(∇ϕ◦ + e)
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Fixed point approach

(Un)bounded operator

• Key :
∑

x∈P◦
x 6=0

∇2G

(
x − ·

L

)

=
∑

x∈P◦
x6=0

∇2G(x) +
∑

x∈P◦
x 6=0

∇3G(x) ·
L

+ . . .

• |∇2G(z)| ∼ |z|−d =⇒
∑

x∈P◦
x 6=0

∇2G(x) not summable !
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Fixed point approach

Back to PDE

• P◦ 7→ f(·, P◦) ∈ L2(Ω◦ → L2(B1),P◦)

• ‖f‖2 = E◦
[´

B1
f2
]

• K(LP◦)f =
∑

x∈P◦
x6=0

∇2G
( ·

L − x
)

∗ β1B1f(L(P◦ − x))

L−dK(LP◦)f := ∇u − ∇u◦

where

−∆u = ∇ ·
∑

x∈P◦
β [1B1f ] (L(P◦ − x), · − Lx) in Rd

−∆u◦ = ∇ · β1B1f(LP◦) in Rd
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Fixed point approach

Regularity and variational structure
Show that |||K||| . 1 ⇐⇒ E◦

[´
B1

|∇u − ∇u◦|2
]
. L−2d

• Mean-value propertyˆ
B1

|∇u−∇u◦|2 . L−d

ˆ
BL

|∇u−∇u◦|2

≤ L−d

ˆ
V0(LP◦)

|∇u−∇u◦|2

• Variational structure
u◦,D := argminv∈H1

0 (V0(LP◦))
´

V0
1
2 |∇v|2 + β1B1 · ∇v

u◦,N := argminv∈H1(V0(LP◦))
´

V0
1
2 |∇v|2 + β1B1 · ∇v

E◦
[ˆ

V0(LP◦)
|∇u − ∇u◦,D|2

]
. E◦

[ˆ
V0(LP◦)

|∇u◦,N − ∇u◦,D|2
]

• Boundary Conditionˆ
V0(LP◦)

|∇u◦,D/N − ∇u◦|2 . L−d

using |∇u◦(x)| . (1 + |x|)−d
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Fixed point approach

Summary

• 0th order :

aLe = αe + L−d

ˆ
B1

βE◦ [(∇ϕ + e)(LP◦, x)] dx

• Fixed-point formulation:

(∇ϕ + e)(LP◦) =
(
Id −L−dB◦K(LP◦)

)−1
(∇ϕ◦ + e) in B1

• Fixed-point operator : |||K||| . 1

aLe = αe + L−d

ˆ
B1

βE◦
[(

Id −L−dB◦KL
)−1

(∇ϕ◦ + e)
]
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Conclusion

Deleted two-phase material

δ ∼ 1

P(p) = {x}x∈P
bx=1

: deleted random point process

• bx
i.i.d∼ B(p) with

p � 1

• Stationnary ergodic
• θ(p) = p � 1
• δ(p) = δ ∼ 1

a(P(p)) = α +
∑

x∈P bx1B1(Lx)β
Homog.=⇒ a(p)(P)
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Conclusion

Dilute two-phase material

δ ∼ 1

P = {x}x∈P : random point process

• Stationnary ergodic
• θ(P) � 1
• δ(P) ∼ 1

a(P) = α +
∑

x∈P 1B1(x)β
Homog.=⇒ a(P)
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Conclusion

Theorem (Duerinckx-Gloria ’15)
For P hardcore stationnary ergodic, p 7→ a(p) analytic at 0.
There exists, (B(i))i∈N ∈

(
Rd×d

)N s.t,

a(p) = α +
∞∑

i=1

B(i)pi .

Theorem (Duerinckx-Gloria ’21)
For P hardcore stationnary ergodic, mixing and satisfying a (MS) spectral gap, there
exists, (B(i))i∈N, (Ri)i∈N ∈

(
Rd×d

)N s.t, for all k ≥ 1

a = α +
k∑

i=1

B(i) + Rk+1

and
• |B(i)| .i λ−

i

• |Rk+1| .k λ−
k+1

λi : i-point intensity (Poisson ∼ θi).
Thanks for your attention !

19



Conclusion

Theorem (Duerinckx-Gloria ’15)
For P hardcore stationnary ergodic, p 7→ a(p) analytic at 0.
There exists, (B(i))i∈N ∈

(
Rd×d

)N s.t,

a(p) = α +
∞∑

i=1

B(i)pi .

Theorem (Duerinckx-Gloria ’21)
For P hardcore stationnary ergodic, mixing and satisfying a (MS) spectral gap, there
exists, (B(i))i∈N, (Ri)i∈N ∈

(
Rd×d

)N s.t, for all k ≥ 1

a = α +
k∑

i=1

B(i) + Rk+1

and
• |B(i)| .i λ−

i

• |Rk+1| .k λ−
k+1

λi : i-point intensity (Poisson ∼ θi).
Thanks for your attention !

19



Conclusion

Theorem (Duerinckx-Gloria ’15)
For P hardcore stationnary ergodic, p 7→ a(p) analytic at 0.
There exists, (B(i))i∈N ∈

(
Rd×d

)N s.t,

a(p) = α +
∞∑

i=1

B(i)pi .

Theorem (Duerinckx-Gloria ’21)
For P hardcore stationnary ergodic, mixing and satisfying a (MS) spectral gap, there
exists, (B(i))i∈N, (Ri)i∈N ∈

(
Rd×d

)N s.t, for all k ≥ 1

a = α +
k∑

i=1

B(i) + Rk+1

and
• |B(i)| .i λ−

i

• |Rk+1| .k λ−
k+1

λi : i-point intensity (Poisson ∼ θi).

Thanks for your attention !

19



Conclusion

Theorem (Duerinckx-Gloria ’15)
For P hardcore stationnary ergodic, p 7→ a(p) analytic at 0.
There exists, (B(i))i∈N ∈

(
Rd×d

)N s.t,

a(p) = α +
∞∑

i=1

B(i)pi .

Theorem (Duerinckx-Gloria ’21)
For P hardcore stationnary ergodic, mixing and satisfying a (MS) spectral gap, there
exists, (B(i))i∈N, (Ri)i∈N ∈

(
Rd×d

)N s.t, for all k ≥ 1

a = α +
k∑

i=1

B(i) + Rk+1

and
• |B(i)| .i λ−

i

• |Rk+1| .k λ−
k+1

λi : i-point intensity (Poisson ∼ θi).
Thanks for your attention !

19



Conclusion

Beyond ?

• Inclusion : β1B1  L∞ with compact support

• Background : need a good description of Hbackground

• Suspension of particles

Thanks for your attention !

20



Conclusion

Beyond ?

• Inclusion : β1B1  L∞ with compact support

• Background : need a good description of Hbackground

• Suspension of particles

Thanks for your attention !

20



Conclusion

Beyond ?

• Inclusion : β1B1  L∞ with compact support

• Background : need a good description of Hbackground

• Suspension of particles

Thanks for your attention !

20



Conclusion

Beyond ?

• Inclusion : β1B1  L∞ with compact support

• Background : need a good description of Hbackground

• Suspension of particles

Thanks for your attention !

20


	Homogenisation
	Introduction
	Main result
	Fixed point approach
	Conclusion

