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based on the Drucker-Prager plasticity
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Motivation: sea ice

> sea ice drift:
due to ocean currents
and wind

> accelerated:
due to global heating

[Polar region atlas, CIA, 1978]
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Motivation: sea ice

velocity |u] deformation rate |D(u)|
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[Kwok 2010] satellite observatlon

— piecewise constant velocity
localization, fracture network
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Progressive damage

59 km : spot satelite

1-d = £ ~~ structural parameter
0

[KaCha nov 1958] pierre.saramito@math.cnrs.fr
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— elastoviscoplastic fluid
extension: pu, v(d)
some parameters depend upon damage d

[Saramito 2007]
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Why thermodynamics ?

P it has a physical meaning

v

it directly leads to constitutive equations
» it leads to well-posed math problems
avoids fields to tend to infinity...

» it permits efficient numerical methods
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Thermodynamics

e variables
~ : deformation tensor
Yp @ itsirreversible part "y,"yp,d . rate variables
d : damage
e functions
Y(v,7vp,d) :  Helmholtz free energy
gb("y,")/p,d’) :  dissipation potential
= constitutive equations
o 09
T oy oy
0 L 0, 0
8'yp 8")/,,
0 = pa—w %
ad od

standard generalized materials
[Germain 1973 ; Moreau 1974 ; Halphen & Nguyen 1975 ; Saramito 2016]
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Example 1: Maxwell viscoelatic fluid

e variables : ~v,v,

e functions
G
V() = ;I7—7p|2
o(7,) = 1l

= constitutive equations

o+pl = o,
o. O )
Ze P _ 9
G+77 v

where o, = 2G~y, = elastic stress

From kinematics: & — D(u) and 6 — Oe
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Present choice 1: Hooke's elasticity
e variables : ~,7,, d

e Helmholtz free energy

G(d) 2 Ad) >
w(7>7pa d) = 7’7 - p| + ?tr(ﬂy - FYp)
o
== 0. = p67
= 2G(d)ye + A(d) tr(ve)! elastic stress
. _ E(d)
with  G(d) = 30+ ()
E(d) v(d) .
Ad) = Lamé coefs
D= T v - 20(a)
and  E(d)=(1-d)E Kachanov's elastic modulus
v(d)=vo+ (11 —p)d increasing Poisson ratio, v; > 1y
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Present choice 2: Drucker-Prager viscoplasticity
250

T 7
—tr(o’e) = —0’1—0’2’/

(kPa) %u ’,'e
/

v U"sﬁ

—-150
0 0y 200

|devoe| = (01 —02)/vV2 (kPa)

data from: [Weiss Schulson, J Phys D, 2009]

pierre.saramito@math.cnrs.fr 11



Present choice 2: Drucker-Prager viscoplasticity

250

—150

—tr(a'e‘) = —01 —0'2/',
(kPa) - /o

g /

compression |
traction

0 0y 200
|devoe| = (01—02)/vV2 (kPa)

T;L,Uy =

/

\ —tro.

translated Drucker-Prager cone

fit:
o, ~ 58 Pa
p1/v2

dependency:

Uy(d) = (l_d)ayo
n(d) = (L—d)no

= {ae € RQ’XN ; |[devoe| — o, < LNtrUe
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Present choice 3: brittle damage

Damage evolution:

d=0 when o € T, 5,
d>0 otherwise

Two embedded DP cones
oy <oc = Tuo, C Tpo.

= plasticity, then damage

A—tr (o8

\

\

pierre.saramito@math.cnrs.fr

12



Present BEVP model

Dissipation potential

O o d) = ns AP+l + (For,) (3) + 0a(d)
¢P(;Yp)

Main results
> satisfies the second principle of thermodynamics

> satisfies the Onsager symmetry principle

[Saramito, JNNFM, 2021]

pierre.saramito@math.cnrs.fr 13



Problem statement
(P): find d, 7., u, p such that

d_v¢2(d776) =0

Ye + Voi(d,ve) — D(u) =0
pit —dive = f

divu = 0
L +B.C.+1.C.
with o = —pl+2nD(u)+o.
T
D(u) = Vu —|—2Vu

Ye = Ove+ (uV)ve— Vuye —7.Vu'

Nonlinear Oldroyd-like + kinetic eqn for d
— classical structure

[Sa ramito, JNNFM, 202 1] pierre.saramito@math.cnrs.fr
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brittle-elastoviscoplastic
d, (E,v), (n,ns), (o, 1)

1/E=n,=0
Oy = =
brittle-viscoelastic =0 brittle-viscoplastic
d, (Ev v), (777 7s) X X d, n, (0',1/7 N)
(Efllaﬁl‘[)(VleO%)l‘(Z.bLlC )
)y (1,15), (0,
! d=0
v=p=0 " Drucker-Prager viscoplastic
BMP (1999) MEB (2016) EVP (2007) 1, oy, 1)
v, E,n d, (E,v),n E, (n,ns), oy
=n,=0 —0
d—o\  Oldroyd (1950) = 0, =0 s
E, (n,15) Bi
o ingham (1916)
* 1 =0 1, Oy
Maxwell (1867)
E,n
1/ — g~ Navier-Stokes (1823) 4 7 = 0

n
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Uniaxial compression benchmark

X
R0
AV P AV
R AR
X A SN
ISR KK EROREE
KRR LR S LAl
e s ]
S N Vi e Ty S YAVAVATAS A%
SR s
S BRRE ATATAVSSS X
R OO IS A RN
SO S S5,
RRERRA R
ST,

A

0e3

Kok
%

Al

e

ok

A

U,
L/40

TSR
SRR
ORRE
RO
s
R

5

2
K
RDKS

/SRRRL

v
POSRERR,
RO

SR %

7AVANANAY
R
RS
XXX
.
<
R
XK
XX
DA

B
s
s

%

S
AR IR KRR
DR RARAAZIRREDR

N Fg)YAVAYAVANYAVAVAAVAVAVAVA
R R R RRREOOR)
SO S
RO RavAVA avavay,vAYS

A

0
A
=

X
X

%
X

s

&

ATAN YAV

0

0 =7%o=1Ip

—U and 0y
L/2

U

OHﬁbH Tlp

L/160

h=

h=1/80

h

L/20

h=

Oand oo =0 21

Uz

Uniform random heterogeneity

)
)

x) = Gy,0(1+0.3x(x
5e(1+03x(x
[_171]

O'yo

X

c

x(x)

— breaks symmetry
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Damage value

h=1/20 h=L/40 h=1L/80 h=1/160

pierre.saramito@math.cnrs.fr 17



Deformation rate

£ 4
U7
250

200

h=1L/20 h=L/40 h=L/80 h=1/160
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Averaged normal stress on

10
E L _
[ ———0
[ MotU "
L h=1L1/20 — ==
L/40 —-=-—-
10 & L/80 - -

L/160

'Yl::’YZ 3
10—1 L il L
10~4 1073 102 101
v = (U/L)t

top boundary

Four flow regimes
~1: first plastic even
~v2: first damage
~3: post-failure
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Post-failure: deformed geometry & vyield surfaces

250
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100
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Dissipation: Clausius-Duhem

w o= —ppto:y
wp +wy =0

102 PUREE ‘ 10
LZ
— W
_nlOtUz p | 102
L h=L/20 ==~
L/40 ===+ L
L/80 ---- ; 10 ¢
1 L/160 ! 3
1
107!
107!
-2
10 1072
10-3 e e I 3 10-3 L A 1k
3x1073 1072 3x10~2 3x1073 1072 3x10~2
y=(U/L)t y=(U/L)t
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Conclusion

New BEVP model
» second principle of thermodynamics
» link : soft solids & complex fluids

» new Drucker-Prager viscoplastic fluid model

Perspectives
e sea-ice — climate changes
e earth cracks

e granular matter & suspensions

pierre.saramito@math.cnrs.fr
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More reading

Mathématiques et Applications 79

paper: Saramito, JNNFM, 2021

Pierre Saramito

Complex fluids

Modeling and Algorithms

book: Saramito, Complex fluids
Springer, 2016

code: Saramito, 2018
Rheolef FEM C++- library
Free software: GPL licence
http://www-1jk.imag.fr/membres/Pierre.Saramito/rheolef
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Discretization

d, Ve Py u: Py
discontinuous continuous
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Parameter set

param value dimension ‘ ’ number \ value \ expression ‘

L 200x 103 m We 5x10~% | U(ns+mno)/(LEo)
U 2x1073 m.s~! Wey 107 Una/(LEo)

Eq 28 x10° Pa Vy 1.8x1073 a0/ Eo

Iy0 50x 103 Pa Ye 2x1073 oc/Eo

Oc 56 x 103 Pa Y 0.30

Mo 1.4x10%2 Pa.s 21 0.49

s 1.4x108 Pa.s o 0.7

Nd 2.8x 108 Pa.s l-—« 104 ns/(ns + 1o)
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Viscoelasticity: expansion

v *
Ye +v¢p(ae) -

D(u) =0

where
oo = 26(d)v, + A(d) tr(7,)!
Ku,o (Ue) f,uo (o'e)
o(7e) 291+ \"° VN
and
1+ pu? when — p?|devo.| > ay—ﬁ troe
oy — ﬁ troe u
K/,U«,G'y(o-e): 1—W When _‘u2|deva'e| < Uy—ﬁtro'e
< |devo|
0 otherwise
. tro
§u,0,(0e) = min (ay, Hme - u2|devae|)
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Damage: expansion

d = V¢i(d)

1-d) kuo (0e
Wy‘;(d):( 2nd)(1iug) )

Y = —{2G'(d)y. + N(d) tr(ve)l } :ve

Y
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