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The problem

Main question: Compute the effective properties of random heterogeneous
materials.

Model: Let a be a coefficient sample from P stationary and ergodic and

−∇ · a( ·
ε

)∇uε = f

Homegenization theory:

uε ≈ uhom + ε

d∑
k=1

φei ( ·ε )∂i uhom,

with
−∇ · ahom∇uhom = f ,

ahomei := E[a(0)(ei +∇φei )] and −∇ · a(ei +∇φei ) = 0 in Rd .

Goal: Compute (d = 3)

ahom and (φei )i∈{1,··· ,d}



2

The problem The approach A rigorous proof of the asymptotic

The problem
Main question: Compute the effective properties of random heterogeneous
materials.

Model: Let a be a coefficient sample from P stationary and ergodic and

−∇ · a( ·
ε

)∇uε = f

Homegenization theory:

uε ≈ uhom + ε

d∑
k=1

φei ( ·ε )∂i uhom,

with
−∇ · ahom∇uhom = f ,

ahomei := E[a(0)(ei +∇φei )] and −∇ · a(ei +∇φei ) = 0 in Rd .

Goal: Compute (d = 3)

ahom and (φei )i∈{1,··· ,d}



2

The problem The approach A rigorous proof of the asymptotic

The problem
Main question: Compute the effective properties of random heterogeneous
materials.

Model: Let a be a coefficient sample from P stationary and ergodic and

−∇ · a( ·
ε

)∇uε = f

Homegenization theory:

uε ≈ uhom + ε

d∑
k=1

φei ( ·ε )∂i uhom,

with
−∇ · ahom∇uhom = f ,

ahomei := E[a(0)(ei +∇φei )] and −∇ · a(ei +∇φei ) = 0 in Rd .

Goal: Compute (d = 3)

ahom and (φei )i∈{1,··· ,d}



2

The problem The approach A rigorous proof of the asymptotic

The problem
Main question: Compute the effective properties of random heterogeneous
materials.

Model: Let a be a coefficient sample from P stationary and ergodic and

−∇ · a( ·
ε

)∇uε = f

Homegenization theory:

uε ≈ uhom + ε

d∑
k=1

φei ( ·ε )∂i uhom,

with
−∇ · ahom∇uhom = f ,

ahomei := E[a(0)(ei +∇φei )] and −∇ · a(ei +∇φei ) = 0 in Rd .

Goal: Compute (d = 3)

ahom and (φei )i∈{1,··· ,d}



2

The problem The approach A rigorous proof of the asymptotic

The problem
Main question: Compute the effective properties of random heterogeneous
materials.

Model: Let a be a coefficient sample from P stationary and ergodic and

−∇ · a( ·
ε

)∇uε = f

Homegenization theory:

uε ≈ uhom + ε

d∑
k=1

φei ( ·ε )∂i uhom,

with
−∇ · ahom∇uhom = f ,

ahomei := E[a(0)(ei +∇φei )] and −∇ · a(ei +∇φei ) = 0 in Rd .

Goal: Compute (d = 3)

ahom and (φei )i∈{1,··· ,d}



2

The problem The approach A rigorous proof of the asymptotic

The problem
Main question: Compute the effective properties of random heterogeneous
materials.

Model: Let a be a coefficient sample from P stationary and ergodic and

−∇ · a( ·
ε

)∇uε = f

Homegenization theory:

uε ≈ uhom + ε

d∑
k=1

φei ( ·ε )∂i uhom,

with
−∇ · ahom∇uhom = f ,

ahomei := E[a(0)(ei +∇φei )]

and −∇ · a(ei +∇φei ) = 0 in Rd .

Goal: Compute (d = 3)

ahom and (φei )i∈{1,··· ,d}



2

The problem The approach A rigorous proof of the asymptotic

The problem
Main question: Compute the effective properties of random heterogeneous
materials.

Model: Let a be a coefficient sample from P stationary and ergodic and

−∇ · a( ·
ε

)∇uε = f

Homegenization theory:

uε ≈ uhom + ε

d∑
k=1

φei ( ·ε )∂i uhom,

with
−∇ · ahom∇uhom = f ,

ahomei := E[a(0)(ei +∇φei )] and −∇ · a(ei +∇φei ) = 0 in Rd .

Goal: Compute (d = 3)

ahom and (φei )i∈{1,··· ,d}



2

The problem The approach A rigorous proof of the asymptotic

The problem
Main question: Compute the effective properties of random heterogeneous
materials.

Model: Let a be a coefficient sample from P stationary and ergodic and

−∇ · a( ·
ε

)∇uε = f

Homegenization theory:

uε ≈ uhom + ε

d∑
k=1

φei ( ·ε )∂i uhom,

with
−∇ · ahom∇uhom = f ,

ahomei := E[a(0)(ei +∇φei )] and −∇ · a(ei +∇φei ) = 0 in Rd .

Goal: Compute (d = 3)

ahom and (φei )i∈{1,··· ,d}



3

The problem The approach A rigorous proof of the asymptotic

The approach

RVE approach: L� 1

a  aL suitable periodization
{
−∇ · aL(ei +∇φei ,L) = 0 in [0, L)d ,
φei ,L is L-periodic.

āLei :=
 

[0,L)d
aL(ei +∇φLei ) and aL ≈

L↑∞
ahom

Two sources of error:

E[|āL − ahom|2] = var(āL)︸ ︷︷ ︸
random error

+ |E[āL]− ahom|2︸ ︷︷ ︸
bias

.
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āLei :=
 

[0,L)d
aL(ei +∇φLei ) and aL ≈

L↑∞
ahom

Two sources of error:
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Previous works:
• A. Gloria and F. Otto. An optimal variance estimate in stochastic
homogenization of discrete elliptic equations. Ann. Probab.,
39(3):779–856, 2011
• A. Gloria, S. Neukamm, and F. Otto. An optimal quantitative two-scale
expansion in stochastic homogenization of discrete elliptic equations.
ESAIM Math. Model. Numer. Anal., 48(2):325–346, 2014
• A. Gloria, S. Neukamm, and F. Otto. Quantification of ergodicity in
stochastic homogenization: optimal bounds via spectral gap on Glauber
dynamics. Invent. Math., 199(2):455–515, 2015
• J.-C. Mourrat and F. Otto. Correlation structure of the corrector in
stochastic homogenization. Ann. Probab., 44(5):3207–3233, 2016.
• M. Duerinckx, A. Gloria, and F. Otto. The structure of fluctuations in
stochastic homogenization. Commun. Math. Phys., 2019

Novelty: Characterization of the asymptotic behaviour

lim
L↑∞

Lα(E[āL]− ahom) for α > 0
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Strategies:

• Direct periodization: "snapshots" of the media

sample a from P then aL := a|[0,L)d with periodic extension
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• Periodization in law: we build a new probability measure PL

PL := conditioning on a being L-periodic then a sample from PL
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A rigorous justification of the asymptotic

Assumptions: Let d > 2
• Gaussian type coefficients: a(x) = A(g(x)), sup |A′|+ |A′′| <∞.
• Short-range correlations:

sup
x

(1 + |x |)d+α(|c(x)|+ (1 + |x |)2|∇2c(x)|) <∞.

Theorem
• (Gloria-Otto)

var(āL)
CLT
. L−d

• Direct periodization (Otto-Josien-Xu-C.):

E[āL]− ahom = L−1Γdirect + o(L−1) (for small-contrast |a − Id| � 1)

• Periodization in law (Otto-Josien-Xu-C.):

EL[āL]− ahom = L−d Γlaw + o(L−d ) (Γlaw has an explicit formula)
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Construction of PL:

PL = Gaussian with covariance cL(x) :=
∑
k∈Zd

c(x + kL)

Method:

E[ej · āLei ] = EL

[  
[0,L)d

ej · a(ei +∇φei )
]

= EL
[(

ej · a(ei +∇φei )
)

(0)
]

E[ej · āLei ]− ej · ahomei =
ˆ ∞

L
d` d

d`E`[F ] with F :=
(
ej · a(ei +∇φei )

)
(0)

A general formula for the derivative (Price’s formula):

d
dLEL[F ] = 1

2EL[∇2F : CL] = 1
2
∑
nm

EL[∂2
nmF ]dcLnm

dL

d
dLEL[F ] = 1

2

ˆ
Rd

ˆ
Rd

dx dy EL

[
∂2F

∂g(x)∂g(y)

]
dcL

dL (x − y) (Otto-Josien-C.)
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A representation formula:

F =
(
ej · a(ei +∇φei )

)
(0) and cL(x) :=

∑
k∈Zd

c(x + kL)

d
dLEL[F ]

= −
ˆ
Rd

dz EL

[
(ej +∇φej )(0) · A′(0)∇∇G(0, z)A′(z)(ei +∇φei )(z)

]
∂cL

∂L (z)

Then
d
dLEL[F ]

= −
ˆ
Rd

dz EL

[
(ej +∇φej )(0)·

× A′(0)
(∑

k 6=0

kn∇∇G(0, z + kL)
)

A′(z)(ei +∇φei )(z)
]
∂nc(z)
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Two expansions:

• A two-scale expansion:

∂2
`1`2 G(0, z+kL) ≈ ψ(1)

`1`2n1n2
(z)∂2

n1n2 G(z+kL)+ψ(2)
`1`2n1n2n3

(z)∂3
n1n2n3 G(z+kL)

• A Taylor expansion:

∂2
n1n2 G(z + kL) ≈ ∂2

n1n2 G(kL) + zn3∂
3
n1n2n3 G(kL)

∂3
n1n2n3 G(z + kL) ≈ ∂3

n1n2n3 G(kL)

Together with
∂3

n1n2n3 G(kL) = L−d−1∂3
n1n2n3 G(k)

(∑
k 6=0

kn∇∇G(0, z + kL)
)
`1`2

≈ L−d−1(ψ(1)
`1`2n1n2

(z)zn3 + ψ
(2)
`1`2n1n2n3

(z)
)∑

k 6=0

kn∂
3
n1n2n3 G(k)



10

The problem The approach A rigorous proof of the asymptotic

Two expansions:
• A two-scale expansion:

∂2
`1`2 G(0, z+kL) ≈ ψ(1)

`1`2n1n2
(z)∂2

n1n2 G(z+kL)+ψ(2)
`1`2n1n2n3

(z)∂3
n1n2n3 G(z+kL)

• A Taylor expansion:

∂2
n1n2 G(z + kL) ≈ ∂2

n1n2 G(kL) + zn3∂
3
n1n2n3 G(kL)

∂3
n1n2n3 G(z + kL) ≈ ∂3

n1n2n3 G(kL)

Together with
∂3

n1n2n3 G(kL) = L−d−1∂3
n1n2n3 G(k)

(∑
k 6=0

kn∇∇G(0, z + kL)
)
`1`2

≈ L−d−1(ψ(1)
`1`2n1n2

(z)zn3 + ψ
(2)
`1`2n1n2n3

(z)
)∑

k 6=0

kn∂
3
n1n2n3 G(k)



10

The problem The approach A rigorous proof of the asymptotic

Two expansions:
• A two-scale expansion:

∂2
`1`2 G(0, z+kL) ≈ ψ(1)

`1`2n1n2
(z)∂2

n1n2 G(z+kL)+ψ(2)
`1`2n1n2n3

(z)∂3
n1n2n3 G(z+kL)

• A Taylor expansion:

∂2
n1n2 G(z + kL) ≈ ∂2

n1n2 G(kL) + zn3∂
3
n1n2n3 G(kL)

∂3
n1n2n3 G(z + kL) ≈ ∂3

n1n2n3 G(kL)

Together with
∂3

n1n2n3 G(kL) = L−d−1∂3
n1n2n3 G(k)

(∑
k 6=0

kn∇∇G(0, z + kL)
)
`1`2

≈ L−d−1(ψ(1)
`1`2n1n2

(z)zn3 + ψ
(2)
`1`2n1n2n3

(z)
)∑

k 6=0

kn∂
3
n1n2n3 G(k)



10

The problem The approach A rigorous proof of the asymptotic

Two expansions:
• A two-scale expansion:

∂2
`1`2 G(0, z+kL) ≈ ψ(1)

`1`2n1n2
(z)∂2

n1n2 G(z+kL)+ψ(2)
`1`2n1n2n3

(z)∂3
n1n2n3 G(z+kL)

• A Taylor expansion:

∂2
n1n2 G(z + kL) ≈ ∂2

n1n2 G(kL) + zn3∂
3
n1n2n3 G(kL)

∂3
n1n2n3 G(z + kL) ≈ ∂3

n1n2n3 G(kL)

Together with
∂3

n1n2n3 G(kL) = L−d−1∂3
n1n2n3 G(k)

(∑
k 6=0

kn∇∇G(0, z + kL)
)
`1`2

≈ L−d−1(ψ(1)
`1`2n1n2

(z)zn3 + ψ
(2)
`1`2n1n2n3

(z)
)∑

k 6=0

kn∂
3
n1n2n3 G(k)



10

The problem The approach A rigorous proof of the asymptotic

Two expansions:
• A two-scale expansion:

∂2
`1`2 G(0, z+kL) ≈ ψ(1)

`1`2n1n2
(z)∂2

n1n2 G(z+kL)+ψ(2)
`1`2n1n2n3

(z)∂3
n1n2n3 G(z+kL)

• A Taylor expansion:

∂2
n1n2 G(z + kL) ≈ ∂2

n1n2 G(kL) + zn3∂
3
n1n2n3 G(kL)

∂3
n1n2n3 G(z + kL) ≈ ∂3

n1n2n3 G(kL)

Together with
∂3

n1n2n3 G(kL) = L−d−1∂3
n1n2n3 G(k)

(∑
k 6=0

kn∇∇G(0, z + kL)
)
`1`2

≈ L−d−1(ψ(1)
`1`2n1n2

(z)zn3 + ψ
(2)
`1`2n1n2n3

(z)
)∑

k 6=0

kn∂
3
n1n2n3 G(k)



11

The problem The approach A rigorous proof of the asymptotic

d
dLEL[F ]

= −
ˆ
Rd

dz EL

[
(ei +∇φei )(0)·

× A′(0)
(∑

k 6=0
kn∇∇G(0, z + kL)

)
A′(z)(ei +∇φei )(z)

]
∂nc(z)

d
dL (EL[F ])ij

≈ L−d−1
ˆ
Rd

dz EL

[
(Q(1)

ijn1n2
(z)zn3 +Q(2)

ijn1n2n3
(z))
(∑

k 6=0

kn∂
3
n1n2n3 G(k)

)]
∂nc(z)

Finally
• We let L ↑ ∞
• Need a regularization : −∇ · a∇ 1

T −∇ · a∇ and a re-summation
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Thank you for your attention
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