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Main question: Compute the effective properties of random heterogeneous
materials.

Model: Let a be a coefficient sample from P stationary and ergodic and

~V-a(:)Vue =f

Homegenization theory:

d
Us & Upom + € Z ¢ei(é)aiuhom7

k=1

with
_v . ahomvuhom = f7
anomei = E[a(0)(ei + V¢e)] and —V-a(ei+ Voe) =0 in R’

Goal: Compute (d = 3)
ahom and (¢’e;)i€{l,~- ,d}
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The approach
RVE approach: L >1

—V-a(e+ Voe,) =0

a ~» a suitable periodization ) Ve
' P { ¢e;,1 is L-periodic.

ae = 7[ aL(e,- + V¢Le;) and 3, &~ ahom
[0,L)d LToo
Two sources of error:

]E[|§L — ahom|2] = var(éL) + ‘E[éL] — ah0m|2 .
—— ——

random error bias

in [0, L),
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Novelty: Characterization of the asymptotic behaviour

LIiTm L*(E[aL] — anom) for a >0
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Assumptions: Let d > 2
® Gaussian type coefficients: a(x) = A(g(x)), sup|A'|+ |A"| < .
® Short-range correlations:

sup (1 + XD (Gl + (1 + [x])* V2 e(x)]) < oo

Theorem
® (Gloria-Otto)

var(z) < L7

® Direct periodization (Otto-Josien-Xu-C.):

E[a1] — anom = L T direct + o(L™")  (for small-contrast |a — Id| < 1)

® Periodization in law (Otto-Josien-Xu-C.):

Er[3] — anom = L Tiaw + 0(L™?)  (Tiaw has an explicit formula)
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Construction of P;:

P, = Gaussian with covariance ¢;(x) := Z c(x + kL)

kezd

Method:

Ele - are] = Er []ﬁ) e e - ale + V(;Se,.)] =FE [(ej -a(e + Vqﬁe,))(O)]

Ele - 3re]] — € - ahomer = / de %EZ[F] with F:= (e - a(ei + Vo)) (0)
L
A general formula for the derivative (Price’s formula):

dCan

d 1 oop. g 1
G EUFI = SEAVGF: Gl =5 ) Ei[05F]

nm

d O*F dcp .
7EL[F] /Rd /Rd dxdy E, {ag()(‘?g(y)] —(x—y) (Otto-Josien-C.)
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A representation formula:
F= (e alei+V6s))(0) and cu(x):= Y c(x+ kL)
d
EEL[F]
== [ 2B + V6)(0)- AOFTG(0. )4 ()(er + Vo )(2)] G (2)
Then
d
g Bl
__ / dzE; [(ej 1 Ve,)(0)-

x A'(0) ( Y kVVG(0,2 + kL)) A (2)(er + Ve, )(2) | Onc(2)
k50
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Two expansions:

® A two-scale expansion:

81112 G(O Z+kL) [1£2n1n2( )831"2 G(Z+kL)+w£1€2n1n2n3 (z)8n1"2"3 (Z+kL)

® A Taylor expansion:
Opyny G(z + kL) =2 02 ) G(KL) + 2y Oy ny G(KL)

3 = 3
Onimyns G(z + kL) & 83 pyny G(KL)

Together with
P

nynan3

G(KL) = L™9719} .0, G(K)

(Z V'V G(0, 2 + kL))

k0

d—1 3 al
~ L (w€1€2n1n2 (Z)Z,,3 + ¢Z152n1n2n3 )) Z k”8”1"2"3 G(k)
k0

£1£p
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d
Y rF
m L[F]
- —/ dzEL{(e,- + Ve )(0)-
J R4
< A0)( Y VY G(0,2 + kL)) A (2)(e; + voe,)(z)} Onc(2)
k0
d
g7 EcLFDs
=1 [ a0, 2 + 0 3 e H) 002
R9 k=40
Finally
® Welet L1 oo

® Need a regularization : —V - aV ~» % — V - aV and a re-summation
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