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AMR for Poisson Equation
L Introduction

Poisson solvers in Physics simulation

Poisson Equation in dimension d:

d
Au=v, with A:ZG,-Z

i=1

Exemple: Reduced MHD

oF
o e Fl = plU, 9] + (B¢ — Deg),
O Lo, Ul = [, ] + H(AU - Alkg)

(/d - dezA) w=F Ap = U.
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AMR for Poisson Equation
L Introduction

2D Magnetic Reconnection Simulation

B B

Magnetic stream F refinement level of the grid
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AMR for Poisson Equation
L Introduction

Turbulence

complex structured multiscaled turbulence
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AMR for Poisson Equation
L Introduction

Poisson Solvers, State-Of-the-Art

Fast Fourier  [Cooley Tukey 1965]
) ) Transform [Lanczos 1942]
uniform grid [Gauss 1805]

Multigrid

Method [Hackbusch 1985]

Poisson |
Solvers particles ~ Fast Multipole

Method [Greengard,Rokhlin 1987]

Algebraic Methods

with Linear Solvers [FGMRES 2013]

adaptive

finite differences

finite elements Multigrid Geometric

finite volumes Method [Teyssier 2002]
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Adaptive Mesh Refinement Tree structure

root

7 NI
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Figure: Fully-threaded tree (top) and its associated non-uniform grid (bottom).
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AMR for Poisson Equation
|—AMR geometric multigrid Poisson solver

L Discretization

Cell-based/vertex-based

@ refinement centered on the cell

TN AN

Y e

C level j—1

level j
/\] /\] /\] level j+1
@ refinement centered on the point
o o o level j—1
i\ ) i\ ° level j
X X >‘L<\<>< X X level j+1
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Point activation

(o> <Fr =

=) <

fHac
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Point activation
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Point activation
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Point activation
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Point activation
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AMR for Poisson Equation

|—AMR geometric multigrid Poisson solver

L Discretization
Boundary of a refined subdomain
0%
° ° ° ° :o: + e
+H o+ o+
e« e e i e Te i+ e
F o+ o4+ o+ 4o+
9, e e T et e + e e g
R I
e e F e i el £ e | e
o+ o+t
° ° ° ‘o‘ + e + e

Figure: Example of domain Q; divided between its boundary 0%; and its interior $2;.
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AMR for Poisson Equation

|—AMF! geometric multigrid Poisson solver

L Discretization

Boundaries

° ° °
uy,1

. ° °

° ° .

° ° °

° ° Vg +; ° °

Figure: Two different ways of fixing the boundary.
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2D usual non-compact stencil

1
T2z (00 —Coo—(16) (1) u=v 6)

«O>» «Fr «E» «E>» E A
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“Mehrstellenverfahren” scheme

(6)



AMR for Poisson Equation
|—AMR geometric multigrid Poisson solver

I—Compan':t Finite Difference Poisson stencils

6th order any-dimensional case

A=alp 1 p+ v—B8—1~ @)

= — =2

namely

a=a+pB, auo.=ap+y, and as.. . 0.0 =ap for k>2.
N
k times

To reach the sixth-order accuracy, computations lead to:

1 3 /3)\9? 25 + 2d 1
( ) , ﬂ——76 and T=5
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AMR for Poisson Equation
AMR geometric multigrid Poisson solver

I—Compan':t Finite Difference Poisson stencils

6h order any-dimensional case

bo

|
0

|
B=w[g1qg]°+ byt —0—X—0— by

bo1
namely

bo=w+X by .. . 10..0=wg for k>1, and bgo,. 0 = bor,

with
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AMR for Poisson Equation
|—AMR geometric multigrid Poisson solver

I—Compan':t Finite Difference Poisson stencils

10th order 3-dimensional case
Bottom half of the symmetric three-dimensional stencil:

There are 113 points for the B stencil: by, by, b2, bs, bot, bi1, boz2, bos, booi,
b101, b0001-
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AMR for Poisson Equation

|—AMR geometric multigrid Poisson solver

In the uniform case, the V—cycle

L Multigrid algorithm
Grid Spacing
h Smooth
Restrict
2h Smooth
Restrict
4h Smooth
Restrict
8h Smooth
Restrict
16h
[Colin Fox]

Solve

Smooth
Interpolate
Smooth
Interpolate
Smooth
Interpolate

Smooth

Interpolate
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Gauss-Seidel iterations

Gauss-Seidel iteration (Smoother):

for x» € w; do

tmppi1(Xa) = tmpn(x2) + g (res(xA) — #A tmpn(xA)>

«O» «Fr « =

<

DAy
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AMR for Poisson Equation
|—AMR geometric multigrid Poisson solver

L Multigrid algorithm

Interpolation of the boundary

Level j+1

* @ Vertex from level
Interior domain

. N

@ Boundary

 J
@ Interpolation support

o

Figure: Instance of fourth-order consistent distribution of vertices with their types. Only
one among the horizontal couple of interpolatory points or the vertical one is necessary.
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AMR for Poisson Equation
|—AMR geometric multigrid Poisson solver

L Multigrid algorithm

Interpolets

0.4

0.2

-0.27

2nd order interpolet
4th order interpolet
6th order interpolet
8th order interpolet

Sinc function

-0.4 T T T T
-8 -6 -4 -2 0

Figure: Interpolets of 2nd, 4th, 6th and 8th orders tending to the sinc function.

28/39



Overview
@ Introduction

@® AMR geometric multigrid Poisson solver
Discretization
Compact Finite Difference Poisson stencils
Multigrid algorithm

® Numerical experiments

Convergence and accuracy
Computational Cost

@ Conclusion

«0O>» «F>r « =

Er <

DAy
29/39



AMR for Poisson Equation
L Numerical experiments

L Convergence and accuracy

Test case: the Gaussian

U(X) = exp (f;) (®)

with r = |x| and the parameter o small enough.

4)x* 2d |x|?
V(X) = 0_4 — ? exp 7?

—T—T— T T T T T T
-05 -0.4 -03 -0.2 -0.1 0.0 0.1 02 03 04 05
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!Convergence and accuracy

Convergence of the algorithm

1e+06

@ =0.005 6th-order dim 2
6th-order dim 3
10th-order dim 3
&th-order dim 4

1e+02 6th-order dim 5

1e+04

¢ =0.01 6th-order dim 6

1e+00
1e-02 |
1e-04

1e-06

L= norm of the residual

1e-08

1e-10

1e-12 .
01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

iteration number

Figure: Convergence process of the multigrid algorithm. The flrst |terat|ons achieve the

largest reductions of the residual. oo
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!Convergence and accuracy

Accuracy 6th order stencils

' ‘ 'gth-order ¢=0.005 dim2 —«
dm3 —— :

0=005dim4 —=— ]
dm5 ——

dme6 —s—

1e-02 L

1e-04

1e-08

L ee -error

1e-08

1e-10

4 6 8 10 12 14 16

maximum refinement level J

Figure: Order of convergence for the 6th-order scheme in varlous dlmenS|ons The
dashed line represents the 6th-order slope.
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Accuracy 10th order stencil

10th-order ¢ =0.005 error in Le= norm —s— E
inL2 norm —sx— |
inL1 norm —&—

1e-04

1e-08

1e-08

Error

1e-10

1e-12

9 10 1 12

maximum refinement level

Figure: Convergence for the 3-dimensional 10th-order scheme in varlous norms. The.

dashed line represents the 10th-order slope. e
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AMR for Poisson Equation
I—Numz—;riz:al experiments

L Convergence and accuracy

Convergence with a continuous refinement

1e+00

2-dim 6th-order =2 q=ca —s—

6th-order =4 gq=co —c—

3-dim 6th-order =2 gq=cc —+—

10th-order @=2 g=c0 —a—
10th-order a=4 g=-o

10th-order =2q=2 ——

1e-02

b

1e-04

L9-error

1e+04 1e+05 1e+06 1e+07

Number of interior points

Figure: Experimental L9-error as a function of the number of points. The theoretical slopes €q = KN,;p/d (g = g, %, g
from left to right) are represented by dashed lines.
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AMR for Poisson Equation
L Numerical experiments

L Computational Cost

Cost comparison with FMM
Total cost C of the multigrid Poisson solver:

C = (#B+ Ny(4#A +2 x 3+ 2(2p + 2))) Nat ©9)

#B and #A stand for the numbers of non zero elements of the stencils B and
A, Ni; the number of V-cycle iterations, Ny the number of points and 2p the
order of the method.

For instance, the 3-dimensional 6th-order HOC stencil verifies #A = 27,

#B = 25 and only needs 12 iterations to converge to the computer rounding
error so its cost is given by C = 1585N,;. Of course it is possible to decrease
this cost by fixing a larger error tolerance and taking fewer iterations. For
instance converging to 1078 only takes 5 iterations then the cost is given by
C = 675Ny:.

This compares advantageously to the costs given for the pth-order Fast
Multipole Method whose optimal implementation in 3 dimensions yields

C = 200Nyp + 3.5Npp°.
Which means C = 1326N,; for the 6th-order p = 6 case.
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! Computational Cost

Experimental computational time with OpenMP

5e-05 T T T T T T T T
@ =0.005 6th-order dm 2 —s—

6th-order dm 3 ——
10th-order dim 3 —s—
éth-order dm 4 —s—

execution time per interior point (s/pt)

1e-05

3 |
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

0e+00

number of threads

Figure: Time per interior point to converge to || Aup — Aul| < 10~ 1°||Au[[ when
varying the number of threads.
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AMR for Poisson Equation

|—Conclusion

Conclusion — Perspectives

Original vertex-centered AMR multigrid Poisson solver of any orders and for
any dimensions.

Perspectives:

@ direct computation of the gradient of the potential from the density
function as it is done in Fast Multipole Methods,

@ MPI-parallelization,

@ introduction of immersed boundary to provide an AMR immersed
boundary scheme

39/39



	Introduction
	AMR geometric multigrid Poisson solver
	Discretization
	Compact Finite Difference Poisson stencils
	Multigrid algorithm

	Numerical experiments
	Convergence and accuracy
	Computational Cost

	Conclusion

	1.Plus: 
	1.Reset: 
	1.Minus: 
	1.EndRight: 
	1.StepRight: 
	1.PlayPauseRight: 
	1.PlayRight: 
	1.PauseRight: 
	1.PlayPauseLeft: 
	1.PlayLeft: 
	1.PauseLeft: 
	1.StepLeft: 
	1.EndLeft: 
	anm1: 
	1.203: 
	1.202: 
	1.201: 
	1.200: 
	1.199: 
	1.198: 
	1.197: 
	1.196: 
	1.195: 
	1.194: 
	1.193: 
	1.192: 
	1.191: 
	1.190: 
	1.189: 
	1.188: 
	1.187: 
	1.186: 
	1.185: 
	1.184: 
	1.183: 
	1.182: 
	1.181: 
	1.180: 
	1.179: 
	1.178: 
	1.177: 
	1.176: 
	1.175: 
	1.174: 
	1.173: 
	1.172: 
	1.171: 
	1.170: 
	1.169: 
	1.168: 
	1.167: 
	1.166: 
	1.165: 
	1.164: 
	1.163: 
	1.162: 
	1.161: 
	1.160: 
	1.159: 
	1.158: 
	1.157: 
	1.156: 
	1.155: 
	1.154: 
	1.153: 
	1.152: 
	1.151: 
	1.150: 
	1.149: 
	1.148: 
	1.147: 
	1.146: 
	1.145: 
	1.144: 
	1.143: 
	1.142: 
	1.141: 
	1.140: 
	1.139: 
	1.138: 
	1.137: 
	1.136: 
	1.135: 
	1.134: 
	1.133: 
	1.132: 
	1.131: 
	1.130: 
	1.129: 
	1.128: 
	1.127: 
	1.126: 
	1.125: 
	1.124: 
	1.123: 
	1.122: 
	1.121: 
	1.120: 
	1.119: 
	1.118: 
	1.117: 
	1.116: 
	1.115: 
	1.114: 
	1.113: 
	1.112: 
	1.111: 
	1.110: 
	1.109: 
	1.108: 
	1.107: 
	1.106: 
	1.105: 
	1.104: 
	1.103: 
	1.102: 
	1.101: 
	1.100: 
	1.99: 
	1.98: 
	1.97: 
	1.96: 
	1.95: 
	1.94: 
	1.93: 
	1.92: 
	1.91: 
	1.90: 
	1.89: 
	1.88: 
	1.87: 
	1.86: 
	1.85: 
	1.84: 
	1.83: 
	1.82: 
	1.81: 
	1.80: 
	1.79: 
	1.78: 
	1.77: 
	1.76: 
	1.75: 
	1.74: 
	1.73: 
	1.72: 
	1.71: 
	1.70: 
	1.69: 
	1.68: 
	1.67: 
	1.66: 
	1.65: 
	1.64: 
	1.63: 
	1.62: 
	1.61: 
	1.60: 
	1.59: 
	1.58: 
	1.57: 
	1.56: 
	1.55: 
	1.54: 
	1.53: 
	1.52: 
	1.51: 
	1.50: 
	1.49: 
	1.48: 
	1.47: 
	1.46: 
	1.45: 
	1.44: 
	1.43: 
	1.42: 
	1.41: 
	1.40: 
	1.39: 
	1.38: 
	1.37: 
	1.36: 
	1.35: 
	1.34: 
	1.33: 
	1.32: 
	1.31: 
	1.30: 
	1.29: 
	1.28: 
	1.27: 
	1.26: 
	1.25: 
	1.24: 
	1.23: 
	1.22: 
	1.21: 
	1.20: 
	1.19: 
	1.18: 
	1.17: 
	1.16: 
	1.15: 
	1.14: 
	1.13: 
	1.12: 
	1.11: 
	1.10: 
	1.9: 
	1.8: 
	1.7: 
	1.6: 
	1.5: 
	1.4: 
	1.3: 
	1.2: 
	1.1: 
	1.0: 
	0.Plus: 
	0.Reset: 
	0.Minus: 
	0.EndRight: 
	0.StepRight: 
	0.PlayPauseRight: 
	0.PlayRight: 
	0.PauseRight: 
	0.PlayPauseLeft: 
	0.PlayLeft: 
	0.PauseLeft: 
	0.StepLeft: 
	0.EndLeft: 
	anm0: 
	0.203: 
	0.202: 
	0.201: 
	0.200: 
	0.199: 
	0.198: 
	0.197: 
	0.196: 
	0.195: 
	0.194: 
	0.193: 
	0.192: 
	0.191: 
	0.190: 
	0.189: 
	0.188: 
	0.187: 
	0.186: 
	0.185: 
	0.184: 
	0.183: 
	0.182: 
	0.181: 
	0.180: 
	0.179: 
	0.178: 
	0.177: 
	0.176: 
	0.175: 
	0.174: 
	0.173: 
	0.172: 
	0.171: 
	0.170: 
	0.169: 
	0.168: 
	0.167: 
	0.166: 
	0.165: 
	0.164: 
	0.163: 
	0.162: 
	0.161: 
	0.160: 
	0.159: 
	0.158: 
	0.157: 
	0.156: 
	0.155: 
	0.154: 
	0.153: 
	0.152: 
	0.151: 
	0.150: 
	0.149: 
	0.148: 
	0.147: 
	0.146: 
	0.145: 
	0.144: 
	0.143: 
	0.142: 
	0.141: 
	0.140: 
	0.139: 
	0.138: 
	0.137: 
	0.136: 
	0.135: 
	0.134: 
	0.133: 
	0.132: 
	0.131: 
	0.130: 
	0.129: 
	0.128: 
	0.127: 
	0.126: 
	0.125: 
	0.124: 
	0.123: 
	0.122: 
	0.121: 
	0.120: 
	0.119: 
	0.118: 
	0.117: 
	0.116: 
	0.115: 
	0.114: 
	0.113: 
	0.112: 
	0.111: 
	0.110: 
	0.109: 
	0.108: 
	0.107: 
	0.106: 
	0.105: 
	0.104: 
	0.103: 
	0.102: 
	0.101: 
	0.100: 
	0.99: 
	0.98: 
	0.97: 
	0.96: 
	0.95: 
	0.94: 
	0.93: 
	0.92: 
	0.91: 
	0.90: 
	0.89: 
	0.88: 
	0.87: 
	0.86: 
	0.85: 
	0.84: 
	0.83: 
	0.82: 
	0.81: 
	0.80: 
	0.79: 
	0.78: 
	0.77: 
	0.76: 
	0.75: 
	0.74: 
	0.73: 
	0.72: 
	0.71: 
	0.70: 
	0.69: 
	0.68: 
	0.67: 
	0.66: 
	0.65: 
	0.64: 
	0.63: 
	0.62: 
	0.61: 
	0.60: 
	0.59: 
	0.58: 
	0.57: 
	0.56: 
	0.55: 
	0.54: 
	0.53: 
	0.52: 
	0.51: 
	0.50: 
	0.49: 
	0.48: 
	0.47: 
	0.46: 
	0.45: 
	0.44: 
	0.43: 
	0.42: 
	0.41: 
	0.40: 
	0.39: 
	0.38: 
	0.37: 
	0.36: 
	0.35: 
	0.34: 
	0.33: 
	0.32: 
	0.31: 
	0.30: 
	0.29: 
	0.28: 
	0.27: 
	0.26: 
	0.25: 
	0.24: 
	0.23: 
	0.22: 
	0.21: 
	0.20: 
	0.19: 
	0.18: 
	0.17: 
	0.16: 
	0.15: 
	0.14: 
	0.13: 
	0.12: 
	0.11: 
	0.10: 
	0.9: 
	0.8: 
	0.7: 
	0.6: 
	0.5: 
	0.4: 
	0.3: 
	0.2: 
	0.1: 
	0.0: 


