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Motivation

> Multiscale diffusions suitable

model for

- oceanography
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> Infer from data effective simple
models for complex phenomena
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Motivation

Existing Techniques

> Multiscale diffusions suitable ||> Pre-processing needed to obtain

model for effective dynamics

_ h . .
[ poeamostabhy > Subsampling widely employed,

o but

. . - requires knowledge of scale-separation
> Infer from data effective simple d s P
- strongly dependent on rate

models for complex phenomena - throws a lot of data

Necessity for new method
> Consistence w.r.t. homogenization theory

> Robustness w.r.t. subsampling techniques

> Ease of applicability
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Outline

@ Problem setting



Setting — The model

Multiscale Langevin SDE

1, (X§
dXF = —a- V'(XF) dt = =p/ (;) dt + V20 AW,

Parameters

- drift coefficient « € RM

slow potential V: R — RM
L-periodic fast potential p: R — R

diffusion coefficient o > 0

multiscale parameter € > 0

[s it known?

X

v
X
X
X
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Setting — The model

Multiscale Langevin SDE

1 X?
dX; =—a- V/(Xf) dt — =p' <t> dt + V20 dW;
~—_—— 9 9

l

Remark: we consider a semi-parametric framework

M
a-V(z)= Z am Vi ()
m=1

indeed {V;,,}_; can be chosen as basis of appropriate function space
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Setting — The model

Multiscale Langevin SDE

1, (X§
dxf::—a.vﬁxfyﬁ——gp/(if)(h%—VZUdWQ

10 Motion in multiscale potential

Ve(z) = aV(z) + p(z/e)

where:
- Vi(z) =222
-a=1

- p(y) = sin(y)
- =005
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Setting — Homogenization

X§ — X? as ¢ — 0 as random variables in C°([0, T])4

Homogenized Langevin SDE
dX? = —A-V/(XD)dt + V2% dW;

New parameters
- effective drift coefficient A = Ka € RM
- effective diffusion coefficient ¥ = Ko > 0

where 0 < K < 1 dependent on p and ¢ and K — 1 as o0 — o0

“Bensoussan et al. (1978)

3/ 19



Setting — Homogenization
Xf — X as ¢ — 0 as random variables in C°([0, T])*
Homogenized Langevin SDE

dX) = —A-V'(XQ)dt + V28 dW,

Effect of o on the homogenized
potential AV (z) with

-0=05 = K=019

“Bensoussan et al. (1978)
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Setting — Homogenization
Xf — X as ¢ — 0 as random variables in C°([0, T])*
Homogenized Langevin SDE

dX) = —A-V'(XQ)dt + V28 dW,

Effect of o on the homogenized
potential AV (z) with

-o=1 = K=0.62
- V(x) =2?/2

-a=1

- p(y) = sin(y)

-e=0.05

- Ve(@) = V() + p(a/e)

“Bensoussan et al. (1978)
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Setting — Homogenization
Xf — X as ¢ — 0 as random variables in C°([0, T])*
Homogenized Langevin SDE

dX) = —A-V'(XQ)dt + V28 dW,

Effect of o on the homogenized
potential AV (z) with

-o=2 = K=0.388
- V(x) =2?/2

-a=1

- p(y) = sin(y)

-e=0.05

- Ve(@) = V() + p(a/e)

“Bensoussan et al. (1978)

3/ 19



Setting — Parameter inference

1 X?f
dXf = —a- V’(Xf)dt — gp’ (;) dt + V20 dW;

dX) = —A-V/(XD)dt + V2¥ dW;

Goal: estimate and given:
- continuous observations X° = (X;,0 <t <T)
> maximum likelihood estimator
> quadratic variation
> subsampling
> filtering

— data
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Setting — Parameter inference

1, (X¢
dXtE:_a.V’(Xf)dt—gp’<;) dt+vV20dW,  —  data

dX) = —A-V/(XD)dt + V2¥ dW; —

Goal: estimate and given:

- continuous observations X° = (X;,0 <t <T)
> maximum likelihood estimator
> quadratic variation

> subsampling
> filtering

- discrete observations X°¢ = (~fl =X A,n=0,...,NJA=T/N)
> martingale estimating functions

> eigenvalues and eigenfunctions of the generator



Outline

© Continuous observations



Classic estimators (M = 1)

Assume to know continuous observations X¢ = (X7,0 <t <T)
Drift: maximum likelihood estimator (MLE)

T

N VI(XF) dX;

Awvee (X5, T) = —fOT (Xf) dX; (Girsanov formula)
TV

Diffusion: quadratic variation (partition P = {0 =ty < --- < tg, =T})
Kp—1
~ Xe
Sqv(X®,T) = X7 =

X¢ li X:  —X£)?




Classic estimators (M = 1)
Assume to know continuous observations X¢ = (X7,0 <t <T)
Drift: maximum likelihood estimator (MLE)
Sy VI(X7)dXg
Jo V/(X7)Rat

Avie(XE,T) = — (Girsanov formula)

Diffusion: quadratic variation (partition P = {0 =ty < --- < tg, =T})

_ (X g iy
Yov(XE,T) = X)r =1 Xi - X

Issue: estimators are asymptotically biased®

lim lim AMLE(X T)=« a.s.

e—=0T—o00

EQ\/(X ,T) =0

SPavliotis and Stuart (2007)
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Classic estimators (M = 1)

Assume to know continuous observations X¢ = (X7,0 <t <T)
Drift: maximum likelihood estimator (MLE)

JTv(xp)dxs
Jo V(X7 de
Diffusion: quadratic variation (partition P ={0 =ty < --- < tg, =T7})

A\MLE(X 5T = (Girsanov formula)

Kp—1
Sov(XE,T) = (XE)r (X%)p = lim S (X —XE)?
k=0

Solution in literature: subsample the data with rate § = &%, ¢ € (0,1)°
N-1 Fe\( ¥ -
A\é ( € T) _ _Zn:() V/(XZ)(X’Z—FI - X’raz) T=ec—7

= A in probability
" 0 im0 V/(X5)? e0
N-1
6 € 1 e Ten2 T fixed . .
Esub()( 7T) = T Z( n+l — Xn) ? 3. in probability
n=0

SPavliotis and Stuart (2007)



Classic estimators (M = 1)

Solution in literature: subsample the data with rate § = £¢, ¢ € (0,1)°

S V(X (XE, — XE)

16 e _ T=e—7
Asub(X 7T) - 5 27]:7;01 V,()'ZZ)Q e—0

S € 1 = Y e vE)2 T fixed
Yo (X5, T) = oT Z( n+l X5)

n=0

subsampling has several disadvantages:

- not robust with respect
to subsampling rate §

- knowledge of ¢ is required

- majority of data is wasted

0.8,

0.4]

0

0.6

0.4

0.2

SPavliotis and Stuart (2007)

A in probability

——— 3 in probability
e—0



The filtered data approach

Idea: filter the data to cancel fast scale components®

t
Zi = / kS (t — s) X< ds
0

where 6, 5 > 0 and
68— P _
o) = paygee

In the plot g = 1:

X€
75,85 =1

_2 1 1 1 1
0 20 40 60 80 100

t
6 Abdulle et al. (2021); Garegnani and Zanoni (2021)
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The filtered data approach

Idea: filter the data to cancel fast scale components®

t
Zi = /0 kS (t — s) X< ds
where 6, 5 > 0 and

6y B
o) = paygee
In the plot g = 1:

X&

0 20 40 60 80 100

6 Abdulle et al. (2021); Garegnani and Zanoni (2021)
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The filtered data approach

Idea: filter the data to cancel fast scale components®

t
Zi = / kS (t — s) X< ds
0

where 6, 5 > 0 and

BB () = B
)= N5y
In the plot g = 1:

e ¢

B

XE

6 Abdulle et al. (2021); Garegnani and Zanoni (2021)

80 100
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The filtered data approach — The estimators

Drift: modification of the MLE

T
A\&,ﬁ (Xs T) _ fO V,(Zf) de
’ [Fviza)vi(xg) dt

exp

(M =1)

Diffusion:

1 T
-5 | i-zipa =)

AT 50 (e

(i) (X, T)

exp

i) X0 (X°.T) ==
(17) e ( ) Dye (X T)

Why (i6)? % =Ko =20 J

«
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The filtered data approach — Convergence analysis
Drift:

vz dx;
[rvizov(xe)de

ARS(X°,T) = —

Theorem (5 = 1)

(7) lim lim A\g;(lp(Xa,T) =A, as., 6 independent of €

e—=0T—o00

(i1) lim lim A% (X, T)=A, as, d=¢5 0<(<2

ex:
e—=+0T—o0 p
jii) lim lim A%l (X°,T) = §=¢t
(49d) lim lim A (X5, T)=a, as., d=¢° (>2
e—=+0T—o00
v
(a) T =1000 (b) &=005
1.1 l———s:(}.l £=0.05 —-—-—¢e=0.025 L1} — — =T =100 T =300 —-—-— T = 1000
j E— ==
=~ @ <IN o
0.9} TR 0.9} RRN
RN RPN
0.8f \\t N 0.8+ \"\\'12..\
0.7} T~ 0.7} ST
A Bt P ———— A It oo F P P P |
0.6F 0.6F
E‘ £ 5‘1 E“ 3 £ 1 0
5 5



The filtered data approach — Convergence analysis

Diffusion:
= € 1 T € £72
Yexp(X ,T) = 5T ; (Xf—Z9)"dt

lim lim 82 (X5, T)=3, as, 6=¢5 0<(<2

es0T—o00 P
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The filtered data approach — Convergence analysis

Diffusion:
- . 1 [T . .
S (X5, T) = ﬁ/0 (X5 — Z;)*dt
Theorem
lim lim S (X5 T) =%, as, §=¢5,0<(<2

- A% (X T)
sogec 1) = 22D g0 0 )
AMLE(XE,T)

Theorem (5 =1)

(1) lin% Tlim f]g;clp(Xa,T) =3, a.s, 0 independent of €
e—0T—00
(i7) gl_lf(l)Th_I)r;o ig;(lp(XE,T) =%, as, 0=¢,0<(<2

(i) lm lim B30 (X5, T) =0, as, 6=¢5, (>2

e—0T—oc0

8 / 19



Numerical experiments — Filtering vs Subsampling

Setting: drift estimation for Ornstein—Uhlenbeck process

2
X
V(z) = P p(y) =cos(y), a =1, e =0.1, T'= 1000, 0 = ¢
Subsampling Filtering, 8 =1 Filtering, 8 =5
o=0.5 oc=0.5 o=0.5

0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
o_z.,,e_e_e——_e—ﬁ‘e_/":’j o_z‘M‘*_’tej 0.2

0 0 0

0 05 1 0 05 1 0 05 1
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Numerical experiments — Filtering vs Subsampling

Setting: drift estimation for Ornstein—Uhlenbeck process

2
x
V(z) = P p(y) =cos(y), a=1, e =0.1, T = 1000, § = £
Subsampling Filtering, S =1 Filtering, =5
o=0.7 o=0.7 o=0.7
0.8 0.8 08
0.6 0.6 0.6
04— — | 014'=9:°—.—":;_e_—e:e—_—&: 0.4¢ —o —0—¢
02 02 02
% 05 1 % 05 1 % 05 1
¢ ¢ ¢
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Numerical experiments — Filtering vs Subsampling

Setting: drift estimation for Ornstein—Uhlenbeck process

2
x
V(z) = P p(y) =cos(y), a =1, e =0.1, T'= 1000, 0 = ¢
Subsampling Filtering, 8 =1 Filtering, 8 =5
o=1 o=1 o=1
08 0.8 0.8
0'6;;;,;;4;?"“ 0.6§—o—o—o—e—o—e=e=o=t 0.6
0.4 0.4 0.4
0.2 0.2 0.2
% 05 1 % 05 1 % 05 1
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Numerical experiments — Filtering vs Subsampling

Setting: drift estimation for Ornstein—Uhlenbeck process

V(z) = —, p(y) =cos(y), a =1, e =0.1, T = 1000

=1
08 0=05 08 0=07 0.8 7
0.6 0.6 0.67=°—°
0.4 0_4t*j:9—£—ttt6:- 0.4
0.2 Ee;ﬂﬁ—s.—e:e:e=e= 0.2 0.2
01 2 3 4 5)36 7 8 910 01 234 Sﬂﬁ 7 8 910 01 2 34 556 7 8 910
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Numerical experiments — Multidimensional drift
Setting: let T;,(z) be Chebyshev polynomials
To(x) =1, Ti(x)=z, Tmii(x)=22Ty(x)— Tn-1(z)

- Drift estimation for Vj(z) = T;(x), i =1,...,4 and
p(y) = cos(y), € = 0.05, T = 1000
- Filtering with 6 = 1,5 =1

- Subsampling with § = £2/3
95 No preprocessing . %5 Filtering : 25 - Subsampling
I RPN a-V (:C) R B
W - — —AV(2)
154 AV (2)
0\
5
0
1 0 1 1 0 1 1 0 1
x z x
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Numerical experiments — Diffusion coefficient

Setting: diffusion estimation for Ornstein—Uhlenbeck process

2
x
V(z) = - p(y) = cos(y), a =1, T = 1000
oc=0.5
Subsampling, 59, Filtering, f)gxp Filtering, %},
0.8 0.8 0.8
0.6 0.6 0.6

11/ 19



Numerical experiments — Diffusion coefficient

Setting: diffusion estimation for Ornstein—Uhlenbeck process

2
X
V(:I;) = 77 p(y) = COS(y), Q= ]-7 T =1000
o =0.75
Subsampling, 59, Filtering, f)gxp Filtering, %},
0.8 0.8 0.8
0.6 0.6
0.4 Tﬁig&_ﬁﬂgggﬁ__ 0415 ,%%pﬁ_r |
0.2 102 e
0 0 0
e &2 e 2 1 e 812 e 21 e &2 e g2 1
) ) 0
—o—e=02 ——e=0.1 e =0.05
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Numerical experiments — Diffusion coefficient

Setting: diffusion estimation for Ornstein—Uhlenbeck process

2
X
V(:I;) = 77 p(y) = COS(y), Q= ]-7 T =1000
o=1
Subsampling, f)guh Filtering, f)gxp Filtering, ig;}p
0.8%%s Siks .
Zj&i%i&‘ ] e
0.6 L. . S .
%& ; %6665%‘3
0.4 0.4 &L 0.4
0.2 0.2 0.2
0 ol 0
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Outline

@ Discrete observations



Martingale estimating functions

Assume to know discrete observations {X¢ XE = A A=T/N

n07

Issue: discretization of MLE is biased if A independent of ¢

12/
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Martingale estimating functions
Assume to know discrete observations {X¢ e 07X =X A A=T/N

Issue: discretization of MLE is biased if A independent of

Idea: employ martingale estimating functions based on eigenvalues and
eigenfunctions of the generator of the homogenized dynamics”

Homogenized dynamics: dX? = —a - V'(X?)dt + v/2sdW;

Generator: L syu(r) = —a-V'(x)u(z) + su’(z)
Eigenvalue problem: — La,5)0j(750,8) = Aj(a, s)¢j(w;a,s)
Smooth functions: Bi(;a,s): R — RMH!

"Kessler and Sgrensen (1999); Abdulle et al. (2022)



Martingale estimating functions
Assume to know discrete observations {X¢ e 07X =X A A=T/N

Issue: discretization of MLE is biased if A independent of

Idea: employ martingale estimating functions based on eigenvalues and
eigenfunctions of the generator of the homogenized dynamics”

Homogenized dynamics: dX? = —a - V'(X?)dt + v/2sdW;

Generator: L syu(z) = —a-V'(z)u(x) + su”(z)
Eigenvalue problem: = La,50i(750,8) = \j(a, 8)¢;(;a,s)
Smooth functions: Bi(a,s): R — RMHI

combine previous filtering methodology

n—1

Zi =AY e APXE (=1, 8=1)
k=0

"Kessler and Sgrensen (1999); Abdulle et al. (2022)



Martingale estimating functions — The estimators

Estimator implicitly defined from nonlinear system of dimension M + 1

Without filtered data: G5, ;(a,5) =0 = A, (X%, N), S, (X5, N)

eigen eigen

N 1 N-1 J .

G ilas) = 5 ZZ{ﬁj(XfL;a,s) (/K pia,s) —e M2, (Kira,5)) )
n=0 ]:

With filtered data: G5y ;(a,s) =0 = A, (X5, N), 54, (X5, N)

eigen eigen

2

Mk‘

1

1

Galas) = 5 20 D {By(Zisa.s) (6,(Xiprias) — e MO8, (X . 9)) |

1

3

Il

<
<.

I

13 /19



Martingale estimating functions — The estimators

Estimator implicitly defined from nonlinear system of dimension M + 1

Without filtered data: G5, ;(a,5) =0 = A, (X%, N), S, (X5, N)

eigen eigen

2

M
WMK

. 1 V! _
Chisfa.s) = 5 3 {@(Xz;a,s> (05(Kiiria,s) —e V@92, (Rera,5)) }

With filtered data: G5y ;(a,s) =0 = A, (X5, N), 54, (X5, N)

eigen eigen

2

Mk

1

1

Galas) = 5 20 D {By(Zisa.s) (6,(Xiprias) — e MO8, (X . 9)) |

1

3

Il

<
<.

I

E [0, (X003 A D) X0] = e M (A2, (X0 4,3)
— E [G?VJ(A, z)] —E {é%ﬂA, z)} ~0
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Martingale estimating functions — Convergence analysis

Theorem (Without filtered data)

If A is independent of € or A = e with 0 < ( < 1 then

(i) lim lim A;
e—+0 N—oo

(X°,N) = A, in probability

eigen

(i7) lim lim S% . (X5, N)=YX, in probability

e>0 N—oo o8

14 /19



Martingale estimating functions — Convergence analysis

Theorem (Without filtered data)
If A is independent of € or A = e with 0 < ( < 1 then

(1) e11_1)1% A}gnoo A\égen(Xa, N)=A, in probability
(i7) lim lim S% . (X5, N)=YX, in probability

e>0 N—oo o8

Theorem (With filtered data)
If A is independent of € or A = S with ¢ > 0,( #1,( # 2 then

. . . e i £ — . .7
(1) 21_1}%) A}gnoo Agigen(X5, N) = A, in probability
(ii) lim lim 37 (X5, N) =3, in probability

e>0 N—oo o8

14 /19



Numerical experiments — Comparison estimators

Setting: drift estimation for polynomial potentials
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Numerical experiments — Comparison estimators

Setting: drift estimation for polynomial potentials

2 4 6 4 2
xr X xr X X
V@) =2, h@=", We =" ue="-T
@=2, nw=2 =% viw=2-2
p(y) =cos(y), a=1,0=1,e=0.1, T=1000, J =1
i L Vs
RS [ A 4]
| S ke £ £ X, :
2‘\&*** « x a
T
A ot | A Nm** _ )
05F ¥ |
0 g2 el gl g2 gl g0
A A
Vs Vi
: HM\ Ay, Ay Lo P [ Ay, + Ay,
1.5 - \
) A === N x—————
0.5 WWWH%#%* 0,547&?%%%?
g2 el el g2 gl g0
A A
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Numerical experiments — Sensitivity analysis w.r.t. J

Setting: drift estimation for polynomial potentials

2 4 6 4 2
x T x ™ x
e =5, V=" Wl =g, Vo) =7-%
p(y) =cos(y), a=1,0=1,e=0.1, T =1000, A =¢
Vi V2
'[——4s, —o—4y,| @ ol [——r —o—4y,| «
0.8 0.8
0.6%7 ——F———&—® 0.6%7 B—RH—B—B——F—®
> 4 6 8 10
J
Vi
'=—4,, —0—14,,] o
0.8
0.6 E——t—t—t—0—0—0
> 4 6 8 10 5 4 6 8 10



Numerical experiments — Multidimensional parameter
Setting: drift and diffusion estimation for Ornstein—Uhlenbeck process

.%‘2

Vix) = bX p(y) =cos(y), a=1,0=1

e=0.1, T=1000, J=2, A=1

Estimator (Aeigen(Xs, N), ie{igen (Xe, N)) without filtered data

19 e=0.1 19 e =10.05 N = 1000
N =900
N =800
1 1 N =700
N =600
“ W N =500
0.8 0.8 N — 400
L N =300
0.6 / 0.6 * N =200
N =100

0.6 0.8 1 0.6 0.8 1
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Conclusions

- We considered the problem of fitting effective dynamics from
continuous and discrete multiscale data (Langevin SDE)

- We proposed novel estimators for the effective drift and diffusion
coefficients based on filtered data and eigenpairs of the generator of
the homogenized dynamics

- We proved the asymptotic unbiasedness of our estimators

- We showed numerically that our estimators outperform traditional
techniques like subsampling both in terms of accuracy and robustness

18 / 19
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