Introduction Basic notations and preliminary results Main result and some consequences

00000 0000 0000000000

Anisotropic nonlinear elliptic equations
PDEs and related topics

CANUM 2020

Angela Sciammetta
University of Palermo - Department of Mathematics and Computer Sciences

JUNE 14, 2022



Introduction Basic notations and preliminary results Main result and some consequences
@0000 0000 0000000000

G. Bonanno, G. D’Agui, A. Sciammetta, Existence of two positive solutions for anisotropic nonlinear
elliptic equations, Advances in Differential Equations, vol. 26 (2021), 229-258.

—Apu = M(x,u) in Q, .
D)
u=0 on 09,

e QO C RN witha boundary of class C I and with N > 2;

e j=(p1,p2,---,pN). P ERY;

e p~ =min{p;,p2...,pn} > N;

e pt =max{pi,p2....on};

e \>0;

f:[0,1] x R — Ris an L' —Carathéodory function, that is:
1. x — f(x, &) is measurable for every £ € R;
2. &+ f(x, &) is continuous for almost every x € €2;
3. forevery s > 0 there is a function I, € L'() such that

sup |f(x,€)| < li(x), forae. x€ Q.
€] <s
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Anisotropic p—Laplacian operator

N i—2
0 Ou |Pi== 9,
Apu = Z Z (|12 >
= Oxi \ |Ox; Ox;
Ifp;=2foralli=1,...,N
N
82
Z —’24 = Au, Laplacian operator.
= ox;
Ifpi=pforalli=1,...,N
N -2
19} Ou|P™7 9 <
Z s Rl Apu, pseudo—p—Laplacian operator.
=1 Bxi 6x,~ Bx,»

[1] M. Belloni, B. Kawohl, The pseudo-p-Laplace eigenvalue problem and viscosity solutions as p — oo, ESAIM
Control Optim. Calc. Var. 10 (2004), 28-52.

[2] L. Brasco, G. Franzina, An anisotropic eigenvalue problem of Stekloff type and weighted Wulff inequalities,
Nonlinear Differ. Equ. Appl. 20 (2013), 1795-1830.
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Let o € NV be multiindices such that o = (av, .. ., o). The length of avis || = o + ... + awy.

alely
Dui= —— 1
" OxOx5? .. OxyY M

Du = u.
E={aeN):|a| <1}andp= (po,p1,...,pn) withpg > p; > 1fori=1,...,N.
WEP(Q) = {u = u(x) : D%u € P> (), for o € E}, 2

is a reflexive Banach space if it is equipped with the norm

lellywesay == D ID%ullpa (q) - 3)
acE

We denote by WOE 7 () as closure of C$° () in the topology of WE7(Q).
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sult and some consequences

Anisotripic Sobolev spaces

Consider the following N + 1 multiindices of N—tuple
E={(0,0,...,0),(1,0,...,0),(0,1,...,0),...(0,0,..., )},

and consiter 7 = (po, p1,p2,--.,pn) Withp; > 1foralli=1,...N.
Then, the set (2) becomes

WP (Q) = {u e Q) : g—” € 1’(Q), fori = 1,...,N}4 )
X;

in which we consider the norm

N
ou
Iz = Molneer + 3 || B
WLF(Q) 0 (Q) l:ZI 0% |l iy
We define Wg 7 (€2) as the closure of C§°(€2) with respect to the norm (5). On Wé P (2) we can also
define the following norm
NN ou
Nell 15y = o : (©)
WP () ,:ZI i || i)

Remark
We observe also that if 7 is constant (that is p; = p foralli = 1, ..., N) we get

WP (Q) = {u e Q) : % € LP(Q)} .

X,
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Main tool

Theorem (G. Bonanno and G. D’ Agui)

Let X be a real Banach space and let ®, ¥ : X — R be two functionals of class C! such that
ir)}f ®(u) = ®(0) = ¥(0) = 0. Assume that there are » € R and &t € X, with 0 < ®(@) < r, such that

sup W (u)
ue®—1(]—oco,r)) \I/(ﬁ)
- - v 7
r < o(ir)’ ¥
and, for each
D () r

AEA=

(i)’ sup W(u) |’
u€®=!(]—o0,r])
the functional I, = ® — AU satisfies the (PS)—condition and it is unbounded from below.
Then, for each A € A, the functional 7 admits at least two non-zero critical points uy 1, ux» € X such
that I(M)\,]) <0< I(u,\,z).

[1]  A. Ambrosetti, P.H. Rabinowitz, Dual variational methods in critical point theory and applications, J. Funct.
Anal. 14 (1973) 349-381.

[2] G. Bonanno, G. D’Agui, Twvo non-zero solutions for elliptic Dirichlet problems, Z. Anal. Anwend. 35 (2016),
449-464.
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Preliminary results

(Wé’ﬁ(ﬂ), H’”w&*"’(ﬂ)) is a Banach space, where Wé’ﬁ(ﬂ) is the closure of C5°(£2) with

N

u 7 =

i=1

Ou
Ox;

i)

Proposition
W(]) P (9) is compactely embedded in C°(Q) and for each u € WS 7 ()

W=D~ =1) ri=p_

sy 2 7 e max 190 2 3l

=T,

Proof: p~ > N, Wi (Q)is continuously embedded in C%(§2), the embedding is compact and
0

W=D~ -1 pi—p_

lellcoay < mp- Wilyspm o €2 7y max (1017}l

L | 1

N NIV /p~—1\'"p 1L
e G =
L4 N3 2 p— —N

[1] M. Troisi, Teoremi di inclusione per spazi di Sobolev non isotropi, Ricerche Mat. 18 (1969), 3-24.
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Preliminary results

Proposition
Fix r > 0. Then for each u € Wé ’ﬁ(Q) such that

N o i

i=1 Pi

ou

- <r
Ox; ’

i ()

one has

llullcogqy < T max{r'/?"; r1/17+}7

N
where T = Ty Zp,-l/p".

Main result and some consequences
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Variational approach

3,0 W 7(Q) - R, F(x, 1) = /tf(x,f)dg forall (x,) € Q x R.
0

ii /Q " A /Q F(x, u(x))d
o T

i=1 pi
W (u)

Ou

Ox;

P (u)

Energy functional

Definition

A function u : 2 — R is a weak solution of problem (D‘i) if u € X satisfies the following condition for
allve X

Ou [P Bu v
—dx =\ d.
; [l segmde=2 [ rnuoms.
—_—
o/ (u) (v) W/ (u)(v)

(AR) There exist constants . > pt and M > 0 such that, 0 < pF(x,t) < tf (x, 1) for all x € Q2 and for
all |t > M.
Lemma 1

Assume that the (AR)—condition holds. Then [, satisfies the (PS)—condition and it is unbounded from
below.
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The sign of solutions

+ | f(x,0), if r<0,
f (.X, t) - { f(X7 1)7 lf t 2 0’ (8)
for all (x,7) € 2 x R and
—Azu = MT(x,u) in Q, 7
{ u :[0 on 99. (D’;\J*)

Lemma 2

Assume that
f(x,0) >0 for ae. x€ Q.

Then, any weak solution of (D’i . ) is nonnegative and it is also a weak solution of (D’i).

Lemma 3

Assume that
f(x,£) >0 for ae. x € Q, for all t > 0.

Then, any non-zero weak solution of (Di 5 ) is positive and it is also a weak solution of (D’?\).

[1]1 A.Di Castro, E. Montefusco, Nonlinear eigenvalues for anisotropic quasilinear degenerate elliptic equations,
Nonlinear Anal. 70 (2009), 4093-4105.
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Main result

R := supdist(x, Q) = Txo € Q such that B(xg,R) C

xeQ
2 1
™
wr = |B(xp,R)| = 7RN K=
r(1+%) N2\ v 1 N
Zf - WR maX{TP ; TP }
=1 Pi \R 2
Theorem

Assume that the (AR)-condition holds and 3¢, d > 0, with max {dﬂ’;dp+ }<min {cf;cﬁ } s.t.

F(x,t) >0, forall (x,7)€ Q x[0,d], 9)
/maéxeg / . F (x,d)dx
B(xo, %
Q l€l<c <K (x0,%) ) (10)
min {CP7 sert } max {dlr et }
Then, for each
1 max {dp ;dPl } 1 min {cp_'cp+ }

>

A= ]max{Tl’ Tl’+} / F (x,d)dx maX{Tl’ TPt }/maXF(x §)dx

problem (D’;\) has at least two non-zero weak solutions.
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Sketch of Proof
° X = Wl‘ﬁ(Q) and A € A.
Ou |Pi
o I, = Z dx— X [ F(x,u(x))dx = (u) — A (u).
— Di o | oxi Q
from (AR)—condition Lempal —y \ satisfies the (PS)-condition
I, is unbounded from below.
N p ot
. Putr:min{(i)p ; (i>p } and
T T
0 if xe Q\ B(x,R),
- 2d .
a(x) = o (R=lx—xl) if x € B(xo,R) \ B (x0, %),
d if x € B (x,%).

Clearly, i € W7 (). Frommax {& ;"\ < min{e ;" L4 10) = 0 < ®(@) < r
Yy 0

v . F (x,d)dx ma<xF(x £)dx sup W (u)
— c uc®—1(]—oo,r
@) o ax {T,, v } i B(0.3) max {TI, ;Tp+} algl< i et
(i) max{d/’ dl’+} min{c”_;cl’+} r
< P (i) r
AC _
€At ] (i)’ sup W (u) [

ue®=1(]—o00,r)



Main result and some consequences
00e0000000

Some consequences

Theorem

Letf : Q x R — R be a continuous function such that f(x, ) > 0 for a.e. x € Q and for all r > 0.
Assume that

(ART) 3 > pt and M > O such that 0 < pF(x,1) < tf(x,t) Vx € Qand V¢ > M.

Moreover, assume that there are two positive constants ¢ and d, with d < 1 < ¢, such that

[ P ) / gy Pl
< .

P ar

P 1 P
max{TP TP+} / F(x d) dx max{TF ;T }/ (x, c)dx [’

problem (D’/’\) has at least two positive weak solutlons.

Then, for each A € ]

Sketch of Proof

°
Lemma 1

from (AR*)—condition = I} := & — AUt satisfies the (PS)—condition

Ii

\ is unbounded from below

e From Lemma 3, any non-zero weak solution of (Dp)\ 5 ) is a positive weak solution of (Di).
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Theorem
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[ P / gy Pl

et &

<K

& 1 "

max{TP TP+} / F(xd dx max{TF ;T }/ xc)dx[
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Then, for each A € ]

Sketch of Proof

°
Lemma 1

from (AR*)—condition = I} := & — AUt satisfies the (PS)—condition

Ii

\ is unbounded from below

e From Lemma 3, any non-zero weak solution of (Dp)\ 5 ) is a positive weak solution of (Di).



Main result and some consequences
0000800000

Some consequences

Theorem
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[ P ) / gy Pl
< .

P dp+

pal 1 e
max{TP TP+} / F(xd dx max{TF ;T }/ xc)dx[

problem (D’/’\) has at least two positive weak solutlons.

Then, for each A € ]
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Lemma 1
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Example 1: N =3,Q = B(0,2),p1 =4,p» =5,p3 =6,c=landd = 10714

3 i—2
a Pi a .
Z,zl o < P a> ST

0 on 012,

Ou

an

PP
f(x,y,z,t):(x2+y2+22)18+t2 = F()C7y7z7[):()€2+y2+zz)§+§

We have that (AR )—condition holds and

e 253 L2532
o = T=(V2+V54+V6)¢ v

2

N 6 (2°-32) 5

max (TP ;TP =T° = (V2+V5+V6)° , K= :
{ } R 2 m 210.32.7.37(v/2 + ¥/5 + V/6)6

1 1 ar- 7-37 1 7-37 737

E— - 25, 22 = 4 4= 4 M < I
max{TI’ ;1P } / F (x,d)dx S S8+ %

B(x0,%)

cl 5
< =
max {TP’ ; Tp+} / Firo)de (V24 V5 + V6)021934
Q
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Some consequences
—Apu = XN(u) in Q, B
(ADY)

u=20 on 9.

Put wr
K* = K.
2V 19|
(AR;“) there exist constants p > pT and M > 0 such that, 0 < pF(t) < tf (t) forall t > M.

Theorem

Letf : [0, +oo[— [0, +oo[ be a continuous function such that the (AR?')fcondition holds. Moreover,
assume that there are two positive constants ¢ and d, with d < 1 < ¢, such that

g " (12)

Then, for each
= 1 1 1 a 1 1
Nefapm —0— |
maX{Tl”f;TPJr} | K* F (d) max{TFf;TPJr} 12| F(c)

the problem (AD”;) has at least two positive weak solutions.
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Some consequences

—Apu = XN(u) in Q, B
(AD})
u=0 on 9.

(AR1+) There exist constants > pT and M > 0 such that, 0 < pF(t) < tf(t) forallt > M.

Theorem
Letf : [0, +00[— [0, +o00[ be a continuous function such that the (ARf)—condition holds. Assume that

F
limsup@ = +-o0. (13)

—o+

1 1 &
————— — ——sup —.
max{Tpf;Tfﬁ} 2] e>1 F(c)

Then, for each A € ]0, A*[, the problem (AD'Z\) admits at least two positive weak solutions.

Put \* =

Remark

, +
Af = %Lmax sup[—' sup ——
max{Tlf;TPJr} €2 e>1 F(¢) 0<e<t F(c)
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Some consequences

Theorem
Fix s, g such that0 < s < p~ — land p™ — 1 < q. Put

—s

pt—(s+1) <q+1) p W

_1)

,rp:l e <—S:1 ]) = ( p+)
rt
1

7n* = min:
ot | [max{mr= ¥ gl (‘1"‘1)(1—(,?)'*‘(5 )(

Then, for each  €]0, n*[ the problem
—Apu=nu’ +u? in Q, =
(AD)
u=~0 on 02

has at least two positive weak solutions.
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Example 2: N =2,Q =B(0,1),p; =3 and p, =4
For eachn € |0, % , the problem
28(22433)38
a(au au) d (| ou|* ou s .
—— == )= |=—| =— | =mu+v inQ
Oxy Ox1 | Oxy Oxy Oxp | Oxo
u=20 on 0%,
admits at least two positive weak solutions.
Indeed
2\ 3 2 2
3 1
w wE T4
max{Tp ,T”+} 0] = (33 +48)%2%, (s+1)(g+1) =12,
pt = (1) (g+D)—pT
(i _ 1) q—s 1— pt q—s
s+1 q+1 L

N 32 3
N =ming = [ —F—7F— =—
3033 +41)4 (33 4 47)828
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Thank you for your kind attention
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