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= The setting

The problem

Hull Y= f(X,2)
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The problem

The setting

The fluid is assumed to be
incompressible, inviscid : We start from the Euler equations :

{atv + (v -V)v = %VP +g in W = (Domain of the water)
Vv=0

irrotational :
BEVxv=0 in W
B 10, v = V& (Helmholtz-Hodge Theorem).

A steady state has been reached so that we have

AP =0 in W.
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The problem

The problem

If the ship hull is represented by

y = f(z,2),and z = {(z,y) is the
unknown free surface of the water, the
boundary conditions are :

m Hull boundary condition :
V®.-ny=0 ony= f(z,z)
m Free surface conditons :
B Kinematic condition :
V& -ne=0 onz={((z,y),
ﬂ Dynamic condition (Bernoulli’s
equation) :
IVO|* —2g¢ + 2P =
%PO OnZ:<($,’y)
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The problem

The problem

If the ship hull is represented by
y = f(z,2),and z = {(z,y) is the

unknown free surface of the water, the

boundary conditions are :
m Hull boundary condition :
V®.-ny=0 ony= f(z,z)

m Free surface conditons :

B Kinematic condition :

V& -ne=0 onz={((z,y),
ﬂ Dynamic condition (Bernoulli’s
equation) :

IVO|* —2g¢ + 2P =
2P0 onz=((zy)

Ao =0,
6117@ - %820 = 07
Oy — U0z f =0,

Morgan Pierre, Salah Zerrouq

mb=-Uzx+o¢ (¢ small) .

m Thin-ship assumptions :
|02 f] << 1 lo=f] <<1

m Michell condition on the hull :
Oyd—Udyf(x,2) =0 ony=0F

m Linearized free surface conditions :

n Kinematic condition :

0,04+ U0,( =0 onz=0
H Dynamic condition :

Owzd+ $0:(=0 onz=0

in R x RT x Rt
onz=0
ony =0t

(quarter space)
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Solution and wave resistance

m If 6p is the increase of fluid pressure due to the disturbance ®, by Bernoulli’'s
The problem equation, the wave resistance is given by

Rprichell = —2 JJ.épﬁzfdxdz = 2pU J J 0z 0z fdxdz,

_ 4pg? F 5 9 AZdA
=202 ), N+J (M)*AL1

where, if D denotes the domain of definition of f, we have :
I\ = J Ox f(x, 2) exp(—=A2g2/U?) cos(Agz/U?)dzdz,
D
JA) = f 0z f(z, 2) exp(—A2gz/U?) sin(Agz/U?)dxdz.
D

m A standard approximation of the viscous drag for small V f is given by a
linearization of the area functional and reads

1 . -
Ryiscous = 5/)[]2 Cr <2‘D‘ + J‘ ‘V/(UC. Z)|2 déEdZ)
D
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The problem

Normalized water resistance’

The normalized total water resistance writes : Jiotar = Jarichell + Jviscouss
with

Jviscous = f ‘Vf(flf, Z)|2 dxdz
D

IMichell = f k(U,z,z,2',2") f(x, 2) f (2, 2/ )dxdzdx'dz’
DxD

where
kU, z,z,2',2") = 32; ww(U)(z —2'),v(U)(|z] + |']))
© 2, 2\
w(X,Z) :J e N Zcos(AX) ——=———dA
1 A2 — 1
l/(l/“v) = liflz

1J. Dambrine and M. Pierre, “Regularity of optimal ship forms based on Michell’s wave resistance”,
Appl. Math. Optim. 82, 23-62 (2020).
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At The hull parametrization f

The hull parametrization f(z, z) is computed as a solution to the following
The problem problem :

{Find a function fp which minimizes J;.q;(f) in the set

{f :D - R, f=00onI, f>0inD and QJ f(z,z)dxdz = V}.
D

r
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Expectation of the

water resistance

Expectation of the water resistance

Assume that the variables g, p and Cr are known physical constants, and V is
the fixed volume of the hull. Given a speed distribution U (., w), where w is an
event in a probability space (O, F, R), the expectation of the water resistance
writes :

E(Jtotal) = E(Jviscous + Jwave)

= J |V f(x,2)|? dedz + f (J k(U(,w),z, 2,2, 2") f(z, 2) f (2, z')d:zzdzd:n'dz/)dP(w).
D o DxD

= j Vf(x,2)|? dedz + J
D

( [ k(U(,w), a2, o, :’)(zp(m)‘/‘(.r. 2)f(z', 2 )dwdzda’ dz.
DxD JO

i.e the hull parametrisation that minimizes the expectation is solution to :
Afp(z,z) + [ ( [ k(U(.,w),z, :;.'I/,z')dl[“)f,)(m’,z')da‘/dz' =C (z,2)eD
JD MJo

fo(z,z) =0 onTl

2 L; fo(z, 2)dedz = V.
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Expectation of the

water resistance

Numerical results : optimal h

ulls

m We consider a uniform distribution of velocities (U (w)) € [0.24/9L, v/9L],

where L = 2 is the length of the ship. i.e F'r =
the fixed rectangle of length L and draft T' = 0.4.

7~ €[0.2,1]. D is taken as

V9L

Morgan Pierre, Salah Zerrouq
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Expectation of the
water resistance

Total water resistance in N
1
5
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Frouds

colour

Average Hull
Random Hull
Wigley Hull
linetype
+ Average Froude number
-‘ Expectancy

= Resistance

0.8
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Newton’s method for the shape optimization

problem

We now fix an area a of D, the optimal design problem reads :

Newton’s method Find the domain D* which minimizes E(J¢ota:1(fD))
among all regular open subsets D of the lower half-plane
such that |[D| = a

m A. Novruzi and J. R. Roche, “Newton’s method in shape optimisation: a
three-dimensional case”, BIT 40, 102—120 (2000)

m H. Harbrecht, “A Newton method for Bernoulli’'s free boundary problem in
three dimensions”, Computing 82, 11-30 (2008)

m J.-L. Vie, “Second-order derivatives for shape optimization with a level-set
method”, 2016PESC1072, PhD thesis (2016)
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Newton’s method

A simple example : Functionals without PDE

Let f € C2(R?%;R), and E(D) = Jf(w)dw. We consider the minimization

D
problem

Diél(ng(D) = D* = {z e RY|f(z) < 0}

We search for a descent direction by solving the Newton problem : find
0,¢ e C>®(RN;RY) such that

E'(D;0,€) = —E'(D;€),

B(Q:6) = j € n)f,

T
E'(Q;0,¢) = J(a n)(€-n)(Hf + onf) + fzg,gf.
N T
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Rl The proposed discretization

Newton’s method
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Newton’s method

The proposed discretization

m Inits discrete form, Newton’s equation writes as the problem of finding
0" = (01,08) e Vi, x vy, suchthat V¢ = (¢, el) e vy, x vy,

f(eh Y (Eh Y (H P+ TP nh) + [Z(/},,:th, _ f(gh, ) fh,
. J

r r

nbe
m If we consider a normal basis, such that 0" = 3 a;n”, and ¢" = n”, then at

i=0
every vertex z;, a descent direction can be obtained by solving Newton’s
equation, which is now reduced to

o [ Mg+ Vi ent == [ g Vie (0.1, nbe)
T N

m We thus compute a descent direction on the whole boundary by solving the
system AT = B, where :
B A is the diagonal matrix of size nbe x nbe, with entries
Ay =E" (n?,n?)‘mi.
B B is the vector of size nbe with entries B; = fE/(n?)‘zi

Morgan Pierre, Salah Zerrouq June 15, 2022 CANUM 13/25
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Examples

The problem

Expectation of the

water resistance

Newton’s method

Numerical results

H
8

f@,y) = (x—05)% + y*)((z + 0.5)* + y*) — 0.51*
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Newton’s method

PDE dependent functionals with constraints

Consider the set of admissible domains A = {Q : Q < D,Q open , |Q] = 1},
m Consider the Dirichlet energy :

1 .
E(Q) = min {5 f [Vu|?de — f ude : uwe H} (Q)}
Q Q

1
=—- J wodx,
2 Ja

where wq, is the weak solution of the equation —Awg =1 wq € H&(Q)
m Consider the shape optimization problem min {E(Q) : Qe A}

m to handle the volume constraint we define the Lagrangian :
L(Q) = E(Q) + AC(2) = E(Q) + A\(V(R2) — Vo)

m The shape derivative w, (9) of wq, is solution to the following problem :

—Awg =0 in Q
wg = —(0-n)0nhwo onT
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Newton’s method

Discretization

m The Newton method defines the next iterate (2,1, A\k41) by :
Q1 = (Id + 0) (%) and Akl = Ak + pg

where (0, i) are a solution to
Ly (2:0,6) ¢'T(0) \ (6 _ _ ( L}(26)
( C'(2;0) 0 > (/’k> ( Fex )

m Once again taking 6", ¢/ normal to the boundary gives the following
discretization :
B 7, (2 n", n")is the diagonal matrix of size nbe x nbe with diagonal
entries L” (2, nl', nl') i
C' (22, n™) is the nbe vector with entries C’ (2, n}*)
L' (92, n™) is the nbe vector with entries L’ (€2, nl)

¢y is the constraint.

Ja

|t

= f=]-
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Simulation

The problem Time: 0.000000

Expectation of the

water resistance

Newton’s method

Numerical results

minimisation of the Dirichlet energy with volume constraint.
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The problem

Expectation of the

water resistance

Newton’s method

Numerical results

Back to the water resistance

Theorem (J.Dambrine, Mo.Pierre)

Michell’s normalized wave resistance kernel k belongs to L(D x D) for all
1<g< i Moreover, if D contains an open disc centered on the x—axis then
k does not belong to L>/*(D x D).

IR
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Numerical results

Optimal Hull
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Numerical results : Convergence of the water

resistance

Convergence de I'espérance

170 1

Numerical results
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Numerical results : Convergence of the

constraint

Convergence de la contrainte

Numerical results —0.6 4

log(volume)
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Numerical results : Optimal hulls

Numerical results

top : optimal hull for the expectancy, bottom : optimal hull for the average speed.
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Numerical results

Numerical results : Comparison for different

Froud numbers

Total water resistance for different Froud numbers

—— Random Hull
Average Hull
—— Expectancy for the randum Hull
3000 { — Expectancy for the average Hull
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