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Plan of my talk

o §1 Introduction
- The subcritical Hardy inequality (1 < p < N)
- The critical Hardy inequality (p = N)

o §2 Main results
- Thm 1 (The improved subcritical Hardy inequality on RY)
- Thm 2 (The critical Hardy inequality on RY)

o §3 Harmonic transplantation and its applications
- The limit of the subcritical Hardy inequality as p /' N
(- The limit of the Sobolev inequality as N , o)

o §4 Proof of Thm1
- Difficulty (Explicit form of Green’s function on R¥)



§1.1 The subcritical Hardy inequality

IVl (@)

Let Q be a domain in RV, a € Q and W,”(Q) := C=(Q)

The subcritical Hardy inequality (1 < p < N)

N-p\’ ’ :
( P ) f L f VuP dx - (Yu e Wy"(Q)
p alx—al Q

@ The constant( ") is optimal.

|Vul? dx
° (U)p = inf ng is not attained for any domain Q.
b 0zuew 7@ [ reap dx
o Let a= |xl‘#¢ Wl’p is “the virtual minimizer’.

( |x| ' is a distributional sol. to the Euler- Lagrange equation. )



§1.2 The critical Hardy inequality

Let Q be a bounded domainin RY, a = O € Q and R = sup,, |xl.

The critical Hardy inequality (p = N)

-1\ N :
N-1 _ WP < | vulN dx (Vu c WI’N(Q))
N Q [N rR\N Q 0
Ix] (1og m)

| Facts (Adimurthi-Sandeep, ‘02, D’Ambrosio-Dipierro, 14, loku-Ishiwata, *15) |

N
@ The constant (NT‘I) is optimal.

N
@ The optimal constant (NT“) is not attained for any domain Q.

v
° (log l%) ”N ]sé W, is “the virtual minimizer’.

( (log l%)T is a distributional sol. to the E-L equation. )



Q. What happen when Q is unbounded?
Especially when Q is the half-space R



Q. What happen when Q is unbounded?
Especially when Q is the half-space R

Remark (The critical Hardy type inequality on W, (R"))
There is no weight function g > 0 such that the inequality

C( Iulqg(x)dx)q < | (vu dx
RN RN

holds for any u € C! _ (R") for some C > 0.

c,rad

Letz = (x,y) € RV x (0, 0) = RY and set
a=(0,,0,1)eRY.



Thm 1 (The subcritical Hardy inequality on RY)
Let 2 < p < N. Then the improved subcritical Hardy inequality

N-p\ V,(x, )"
( ) f By f Vix, )P dxdy
P ] Jey v+ (- p2) R

holds for any u € Wé”’(Rﬁ’) (of the form u(x,y) = u (U,(x,y)) ), where

g -y

=TV 0,1,
PRIt
1+ X5 20X (2 + (1 +3)2) (2452 = 1)
Vp(x,y) = e 2 >
[1 —Xw—pn]

The constant (%)/’ is optimal and is not attained.



Actually, symmetric condition w.r.t. U, is not essentially
needed by using the result (D’Ambrosio-Dipierro, ’14) and Lemma 1
later. However, in this talk, we will use the harmonic transplantation
method under the symmetric condition.

We can take a limit of the improved subcritical Hardy
inequality as p /' N as follows. (Note that 1 — X* ~ slog)—l( ase — 0)

(N— p)p V()
R CIENENDE
(N_p)p {1 FX =2 (IR G+ 1) (P 42 - 1)}
p (52 + (1= 9)2)? [52- log 1|

N-1\" 1
~ N).
( N ) 2 N [ P+(1+y)2 5 X2+ (1+y)? N LR
(1 + (1= y)2)F (H2422) (1og )

wolz

2 +(1-y)?



i - : N
Thm 2 (The critical Hardy inequality on RY')
Let N > 2. Then the critical Hardy inequality

No1 N WY dxd
f lu(x, )| dxdy K gf IVu(x, y)|N dxdy
N R “

N N 2 2 a 2 2
+ 2 _v)2)2 ()22 [x2+(1+y) &
(2 + (1= D) (M) (10 ([Rxonr)

holds for any u € Wé'N(RQ’). The constant (2=1) is optimal and is not attained.




i - : N
Thm 2 (The critical Hardy inequality on RY')
Let N > 2. Then the critical Hardy inequality

No1 N WY dxd
f lu(x, )| dxdy K gf IVu(x, y)|N dxdy
N R “

N NP +(14y)2 4 [x[2+(1+y)?
(P + (1= y)2)* (B2 (log /By

holds for any u € Wé'N(RQ’). The constant (2=1) is optimal and is not attained.

Remark (The behavior of the potential function)

1

2
x2+(1+y)? X2 +(1+y)?
(P + (1= 32) (22422 (1og (B2

VN(X,)’) =

-N
V(e )® ~ (I + (1 -y)?) ° (log ) ((xy) = (0,1)

2
VI + (1 = y)?

V(. )® ~y™ (X + (= 1) > 0 or y - 0)



§3.1 Harmonic transplantation

Let B c R" be the unit ball, Q (c RY) be adomain,a € Q, N > 2,
1 <p<NandG = Gg, be asol. of

where A,u = div(|Vul’>Vu).

_APGQ"‘ = 5a in Q,
Ga.=0 on 0Q,

For a radial function v on B, define the function u on Q as follows.

Harmonic transplantation (Ref. Hersch, 1969)

(H.T) u(y) = v(lx]), where Go.(y) = Gpo(lx]).

(Cf. The Riemann mapping theorem )



§3.1 Harmonic transplantation

Let B c R" be the unit ball, Q (c RY) be adomain,a € Q, N > 2,
1 <p<NandG = Gg, be asol. of

where A,u = div(|Vul”*Vu).

_APGQ"‘ = 6a in Q,
Ga.=0 on 0Q,

For a radial function v on B, define the function u on Q as follows.

Harmonic transplantation (Ref. Hersch, 1969)

(H.T) u(y) = v(lx]), where Go.(y) = Gpo(lx]).

(Cf. The Riemann mapping theorem )

Proposition (Preservation of [|V(-)|l,)

It holds that ||Vull.r@) = [IVVIILes)-




§3.2 Several applications of (H.T.)

Harmonic transplantation (Again)

(H.T) u(y) = v(lx]), where Go.(y) = Gpo(lx]).




§3.2 Several applications of (H.T.)

Harmonic transplantation (Again)

(H.T) u(y) = v(lx]), where Go.(y) = Gpo(lx]).

Domains or operators or dimensions of two Green'’s functions Gq
are different from each other.

Harmonic transplantation (Generalization of (H.T.) )
(HT) u(y) = v(x) (= w(z])), where G, 4,(y) = Ga,a,(x) (= Gpo(l2])).

| Ref. (Classification of various transformations) | Moser, 1971,

[Flucher, 1992, Csat6-Roy, 2015], Bandle-Brilland-Flucher, 1998,
Zographopoulous, 2010, Horiuchi-Kumlin, 2012, S.-Takahashi,
2017 (Equivalence of the subcritical and the critical Sobolev
spaces), loku, 2019 (§3.3, p /' N), S., 2020 (§3.4, N 7 o) etc.




§3.3 Improved subcritical Hardy inequality on B and its limit : p /' N
Let p < N. Consider the following (H.T.).

(H.T.)  u(x)) = v(lyD), where G o(lx]) = Go(ly)

—n\’ P
(Subcritical Hardy ineq.) (%) ﬂgl < f |VulP dx

Ry |x]P

I
—p\ p
(Improved ineq.) (Np p) f il dy<f|Vv|”dy

B|y|P( |y|w)




§3.3 Improved subcritical Hardy inequality on B and its limit : p /' N
Let p < N. Consider the following (H.T.).

(H.T.)  u(x)) = v(lyD), where G o(lx]) = Go(ly)

—_n\’ p
(Subcritical Hardy ineq.) (%) ﬂd < f |VulP dx

RV |x|p

—p\ p
(Improved ineq.) (N p) f il dy<f|Vv|”dy
P e e (1 i)

Since 1 - X* = elog y + o(¢) (¢ — 0), we obtain the critical Hardy
ineq. on B as a limit of the improved Hardy ineq. as p ,/ N.

_1\V N
N-1 I dy < | v ay
N B |v|N Y B
y¥ (log L)




§3.4 Infinite dimensional form of the Sobolev inequality : N 7 oo

Let 1 < p <m < N. Consider the following (H.T.).
(H.T)  ullxl) = v(lyD, where Ggn o(Ix]) = Grm o(ly])

N-p

(N-dim. Sobolev ineq.) Sy, ( f |u|NN_ppdx) < f Vul” dx
RN RN
I l l
<

N-p
N

s (IS’"‘II)%(m—p)”‘%f iy fleIPd
Nelisv1) \N—p o e - Y




§3.4 Infinite dimensional form of the Sobolev inequality : N 7 oo

Let 1 < p <m < N. Consider the following (H.T.).
(H.T)  ullxl) = v(lyD, where Ggn o(Ix]) = Grm o(ly])

(N-dim. Sobolev ineq.) Sy, (f |u|NN_ppdx) sf |Vul? dx
RN
I

_r Np Tp
[S™ 1|) ( —P)p N f |V|N"’ f
S — IVvIP d
Np(lsN 1| N-p Rm |y|N—pp m Y

We obtain the Hardy ineq. as a limit of the Sobolev ineq. as N / .

—_n\’ P
(u) M 4 VPP dy
p R |)’|p R

Remark| W.” c L”"? c L”" (i.e. Hardy ineq. = Sobolev ineq. )
0 y Ineq



§4 Proof of Thm 1
We want to apply (H.T.) on RY in the same way as §3.3 on B.

Difficulty of Thm 1 ( A, is nonlinear operator)

Let 1 < p < N. Green'’s function on RY :

-1 1, L 21\;_1
]’;—_p|sN 7 [(|x|2+<1—y)) Ty, y)]

GRﬂY,(O,l)(-x’y) =
_N=2
Although ¥ (x,y) = (|x|2 +( +y)2) **, we do not know the explicit
form of ¢, € L™ (RY) in general.

loc




We want to apply (H.T.) on RY in the same way as §3.3 on B.

Difficulty of Thm 1 ( A, is nonlinear operator)

Let 1 < p < N. Green'’s function on RY :

=
Gayon(x.) = |SN [ [(IXP + (1 =3) T =gl y)]

N

Although y(x,y) = (I + (1 +3)2)
form of ¢, € L™ (RY) in general.

loc

, We do not know the explicit

(%) Modified (H.T.)

u(z) = v(2), where Ggr () = Up(2) (+ GRQ",(OJ)(Z) ifp#2)
_ N-p _ N-p
= FIsV [(|x|2 (L =y2) T = (P A y2)

[




(N-p)p-2) -1

N-/
VU, P~ U, I + (v = 172 " [|x|2+<y+1)2]
([7 - 1)2 wN—l

-AU, =

22 1)
X|N=p+(N+p-2) (" +y — 1) ]

{xl? + & = DI + 0 + 1))

Lemma 1 (Superharmonicity of U),)

If p > 2, then —A,U, > 0in RY \ {(0, 1)}.

Lemma 2 (1-dim. weighted Hardy ineq.)

Let p > 2. Then, for any radial function v € C!(R"), the inequality

N—Pp * pN-1-p © pN-1
— fo ()Pt F, (Grvo(D) dt < fo WV @Ot F, (Ggy o(1)) dt

holds, where F,(s) = [, _ (=A,U,)dz > 0.




$84 Proof of Thm 1

f Vu(x, y)IP dxdy
R
IVvIP dz + ISV f VIPENUF, (Gry o(0)) dt
RN

N P
> (—p) L dz ( Lemma 2 & Hardy ineq. on RN)
P r 2P

H(B2) v [ Gt d
0

_\P
) (N p) f lu(x, y)IP V()" dxdy
p BY (|x2 + (1 — y)?)*




Thank you very much for your kind attention!




§3 Mobius transformation

Definition (Mobius transformation)
Let O(N) be the orthogonal group in dimension N. Set

T,(z) = z+ b (translation),
S(z) = Az (scaling),
R(z) = Rz (rotation),

J@)=7 = % (reflection)
Z

forb e RN, 1> 0,R € O(N). A Mébius transformation M : RY — RN
is a finite composition of 7}, S ;, R and J.

(M.T) (M*f)2) = |det M'(2)| ™ f(M(z), zeRY.



§3 Property of (M.T.)

(MT) (M'f)2) = |det M'D)| ¥ f(M(2)), z€RY.

(T} /@) = f(z +b),
St @) =17 fA2),
R 1)) = f(Rz),

U )) = Izlfz’(”'N)f(é)-

Proposition 2 (Preservation of |[V()I|,,)

For any f € C/(R" \ {0}),

||V(M#f)”Lp(RN) = ||Vf”Lp(RN). (only when p = 2, N if M includes J)




§3 Difference between (M.T.) and (H.T.)

p=Nand Q= Bz cRY

(H.T.) u(lyl) = v(|x[), where G, o(lyl) = Gpo(lxD),

1
namely, log =log —

X’
(M.T.) (M#f)(y) = f(x), where x = M(y) = %

p<Nand Q= Bz cRY

N-p N-p N-p
namely, |y| 7T — R 7" = |x| 77T — 1.

(M.T.) (M*f)(y) = R"7 f(x), where x = M(y) = Iy_e'



§3.4 Infinite dimensional form of the Sobolev inequality : N 7 oo

Let 1 < p <m < N. Consider the following (H.T.).
(H.T)  ulxl) = v(Iyl), where Ggn o(|xl) = Gre o(Iy])

N-p
(N-dim. Sobolev ineq.) Sy, ( f |u|N”——’”pdx) < f IVul? dx
RN
I

s (IS’”‘I) (m—p)f M ’ f'V rd
1%
ve\isv ) \N=p e 7 oo

We obtain the Hardy ineq. as a limit of the Sobolev ineq. as N / co.

_\P
(u) M 4y < f Vvl dy
4 g Y7 R




§3.4 Infinite dimensional form of the Sobolev inequality : N 7 oo

N
Since (1) ~ V2r ™% e (1 — o0) and [S¥!] = ——

S |Sm—1| % m-—p P—%
N.p |SN—1| N—p

, we have

—Y 1 -1 p1 _
(m — p) ._.ﬁ(p N+1) ~(m p
p



§3.5 Equivalence of the subcritical and the critical Sobolev spaces

Let 1 < p =N < m. Consider
(H.T)  u(xl) = v(lyl), where Gz o(xl) = Gpo(lyl), B c R

—_n\’ P
(m-dim. Hardy ineq.) (u) bal” < f Vul? dx
p ren | XIP R
| |
N-1 N
(Critical Hardy ineq.) ( ) ILNdySflVVINdy
NS Iy (1og ) B

We can rewrite (H.T.) as follows.

p-1 _
1\ 7 1\ 7
(p—) S F T = SV R (log Iy_l) (Virtual minimizers)



§4.2 Proof of Thm 2

Let p = N and Q = RY. Consider (H.T.) :

x> + (1 +y)°

u(z) = v(2), where |S¥~!|7 log X2+ (1 -y)?

= GRQ’ ,(0,1)(2)
=Gpo(2)

which coincides with the Mdbius transformation B:

2-xa I- |x|2 _y2
(1 +y)? + [x?

(56,5’)=B(X,)’)=( ) z=(x,y) €R], 2= (%7 € B,
1

B(Z) = R [e} J o T(O,l) (e} S2 o J o T(()’_l)(Z), Where R =



§4.2 Proof of Thm 2

2 2 N
1= g 0 =~ g | }

LSl _d%dy

e + ey (log \/|x|1ZTy|2)
N
) fRf B(x, y;‘(?ﬁ: ﬁ)N' det B'(x, )l dxdy
xy)l

_ fR e Y1 v

. ¥ (I3 Ix2+(1+y)?
(I + (1 =y (P2 (log SR



§84.2 Proof of Thm 2

. . N-1\" VY
(Critical Hardy ineq. on B) N S dz < f VN dz
BZINV (log ﬁ) B

I l |l (Proposition 2)

N -1\ e, I dxdy

2 N

( N ) »[RQ' (|x|2+(1 _ )Z)IEV (|x|2+(1+y)2 % | S N < jl;i" |Vu(x,y)| dxdy
y 4 ) ( Og |x|2+(1_y)2)




