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Optimization problem

Problem: control on a fixed, bounded interval [0,T ].
Cost functional

J(ν) = 1
2‖y(T )− ytarget‖2 + α

2

∫ T

0
ν2(t)dt,

α: a fixed regularization parameter;
ytarget : the target state;
ν : the control;
y : state function is described by the equation{

ẏ(t) = f (y(t)) + ν(t), t ∈ [0; T ]
y(0) = yinit .

(1)
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Optimization problem

Lagrange operator

L(y , λ, ν) = J(ν)−
∫ T

0
〈λ(t), ẏ(t)− f (y(t))− ν(t)〉 dt.

Optimality system

ẏ =f (y)− λ

α
,

λ̇ =− (f (y)′)Tλ,

and the initial and final condition are respectively
y(0) = yinit ; λ(T ) = y(T )− ytarget .
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ParaOpt Algorithm

∆T = T/L and [0,T ] = ∪L−1
`=0 [T`,T`+1].

Boundary value problem notation

ẏ` =f (y`)−
λ`
α

λ̇` =− f ′(y`)Tλ`,

on the subintervals [T`,T`+1] with y(T`) = Y` and
λ(T`+1) = Λ`+1.

Denoting [
y(T`+1)
λ(T`)

]
=
[

P(Y`,Λ`+1)
Q(Y`,Λ`+1)

]
.
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ParaOpt Algorithm

The optimality system is enriched:

Y0 − yinit = 0
Y1 − P(Y0,Λ1) = 0 Λ1 − Q(Y1,Λ2) = 0
Y2 − P(Y1,Λ2) = 0 Λ2 − Q(Y2,Λ3) = 0

...
...

YL − P(YL−1,ΛL) = 0 ΛL − YL + Ytarget = 0

We have that a system of boundary value subproblems,
satisfying matching conditions.
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ParaOpt Algorithm

Collecting the unknowns in the vector

(Y T ,ΛT ) := (Y0,Y1,Y2, . . . ,YL,Λ1,Λ2, . . . ,ΛL),

we obtain the nonlinear system

F
(

Y
Λ

)
:=



Y0 − yinit
Y1 − P(Y0,Λ1)
Y2 − P(Y1,Λ2)

...
YL − P(YL−1,ΛL)

Λ1 − Q(Y1,Λ2)
Λ2 − Q(Y2,Λ3)

...
ΛL − YL + ytarget


= 0.
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ParaOpt Algorithm

Newton method

JF
(

Y k

Λk

)(
Y k+1 − Y k

Λk+1 − Λk

)
= −F

(
Y k

Λk

)
Coarse approximation of JF using finite difference, which
concretely corresponds to:

Py (Y k
`−1,Λk

` )(Y k+1
`−1 − Y k

`−1) ≈PG (Y k+1
`−1 ,Λ

k
` )− PG (Y k

`−1,Λk
` ),

Pλ(Y k
`−1,Λk

` )(Λk+1
` − Λk

` ) ≈PG (Y k
`−1,Λk+1

` )− PG (Y k
`−1,Λk

` ),
Qλ(Y k

`−1,Λk
` )(Λk+1

` − Λk
` ) ≈QG (Y k

`−1,Λk+1
` )− QG (Y k

`−1,Λk
` ),

Qy (Y k
`−1,Λk

` )(Y k+1
`−1 − Y k

`−1) ≈QG (Y k+1
`−1 ,Λ

k
` )− QG (Y k

`−1,Λk
` ).

Partial Summary1:
• In parallel: all fine propagations on sub-intervals.
• Sequential part: only coarse solving.

1M. Gander, F. Kwok, J. Salomon ”ParaOpt: Parareal algorithm for
optimal systems” (2020)
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ParaOpt for Dahlquist problems

Let us consider the Dahlquist problem

ẏ(t) = σy(t) + ν(t),

where σ is real number.
Let ∆t = ∆T/M and δt = ∆T/N such that
δt ≤ ∆t ≤ ∆T .
For σ < 0,

ρ ≤ 0.79∆t
α +
√
α∆t

+ 0.3.
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ParaOpt for Dahlquist problems

For σ > 0, forward Euler method is using to compute the
solutions operators P and Q such that

P(Y`,Λ`+1) := βδtY` −
γδt
α

Λ`+1,

Q(Y`,Λ`+1) := βδtΛ`+1,

with

βδt := (1 + σδt)
∆T
δt , γδt := β2

δt − 1
σ(2 + σδt) .
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ParaOpt for Dahlquist problems

ParaOpt algorithm becomes

M∆t(X k+1 − X k) = −(MδtX k − b).

X = (Y ,Λ)T , b = (yinit , 0, . . . , 0,−ytarget)T ,

Mδt :=



1 0
−βδt 1 γδt

α

. . .
. . . . . . . . . 0

−βδt 1 γδt
α

1 −βδt
. . . . . . . . .

1 −βδt
−1 1


.
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ParaOpt for Dahlquist problems

Let µ nonzero eigenvalue of
(

Id −M−1
∆t Mδt

)
.

β = β∆t , γ = γ∆t , δβ = β − βδt , δγ = γ − γδt .
τ = β − γδβ/δγ.
We have 1 < τ < β, δβ < 0 and δγ < 0.
Let Φ be a function defined on ]1;∞[ by

Φ(x) = x2L−2 (x − 1)− x + 1
β
.
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ParaOpt for Dahlquist problems

Let τ0 the positive real root of Φ superior to 1.
Let L0 = (β − τ)/γ(τ − τ0).

Theorem
Let σ > 0, α,T , L,∆t, δt and be fixed. If Φ(τ) > 0 and L
satisfies L > αL0 then, the spectral radius of

(
Id −M−1

∆t Mδt
)

satisfies

ρ < σ (∆t − δt)
[1

2 +
(1

2σ(∆t − δt) + 1
)

e2σ∆T
]
.
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ParaOpt for Dahlquist problems

Proof.

a root of

f (a) = α
δβ

δγ
− (τ − a)

L−1∑
`=0

a2`.

Each µ is associated with a root of f by µ = δβ/(β − a).
C = {β + (β − τ0)eiθ, θ ∈ [0; 2π]} and

h(z) = (τ − z)
L−1∑
`=0

z2`.

Φ(τ) > 0 and L > αL0, |f (z)− h(z)| < |h(z)| on C.
Using Rouché’s theorem, f has only one root a∗ inside C.
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ParaOpt for Dahlquist problems

Proof.

a∗ is real number.
τ0 < a∗ < τ , so that

f (a) = α
δβ

δγ
− (τ − a)

L−1∑
l=0

a2l > 0

for a > τ .
µ∗ = δβ/(β − a∗) < 0 and |µ∗| < |δβ|/(β − τ).
µ associated with the roots outside C lie in the disk

D(0, |δβ|
(β − τ0)).
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ParaOpt for Dahlquist problems

Proof.

The spectral radius is determined by µ∗ then

ρ = |µ∗| < |δβ|
β − τ

= |δγ|
γ
.

Firstly

|δγ|
γ
≤ σ

2 (∆t − δt) +
[
σ

2 (∆t − δt) + 1
]
β2
δt − β2

β2 − 1 .

And
β2
δt − β2

β2 − 1 ≤ σ(∆t − δt)e2σ∆t .
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Numerical example

We fix T = 1, σ = 1, α = 0.1 and L = 10.

∆t = 10−2.T δt = 5.2−18.10−2

δt = ∆t/2k , k = 1, 2, . . . , 20. ∆t = 10−2.2−k , k = 0, . . . , 17.
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Numerical example: Inverted pendulum

Inverted pendulum

•0

y1(t)

`

x(t)

ÿ1(t) = ω2 sin y1(t)− ẍ(t) cos y1(t), ω =
√

g
` .
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Numerical example: Inverted pendulum

Let y = (y1, y2),

ẏ1(t) =y2(t)
ẏ2(t) =ω2 sin y1(t) + ν(t) cos y1(t),

where ν = −ẍ .
The linearization neighborhood y1 = 0 gives

ż1(t) =ωz1(t) + c1(t),
ż2(t) =− ωz2(t) + c2(t),

where z1 = 1
2ω (ωy1 + y2), z2 = 1

2ω (ωy1 − y2), c1 = 1
2ων and

c2 = − 1
2ων.
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Numerical example: Inverted pendulum

T = 1, α = 10−2, L = 10, g = 9.81, ` = 0.5, δt = 10−5T .
yinit = (π4 ,

π
6 ), ytarget = (0, 0).
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Figure: L2-norm of convergence errors for various r = δt
∆t .
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