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Johann Bernoulli (Undated)

UB Basel, L Ia 12, 4.1, fol. 245–247.
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Johann’s Manuscript Edited by G. Cramer

Opera Omnia, Tomus quartus (quo continentur ANEK∆OTA), 1742, pp. 98–108.
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Johann’s Result

“Ce théorème remarquable est dû à Jean Bernoulli (...).” (Poisson, 1820)

Start with a quarter circle and consider the successive involutes.

Johann’s claim: the successive involutes converge to a cycloid.
“Hujus rei veritas attente consideranti facile patebit.”
Notations: s1(x) = x, si(0) = ti(0) = 0, ti(π/2) = `i

ti(x) =

∫ x

0

si(ξ) dξ, si(x) =

∫ x

0

(`i−1 − ti−1(ξ)) d ξ
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Computation of Arc Lengths
s1(x) = x

t1(x) = x2

2! s2(x) = `1x − x3

3!t2(x) = `1
x2

2! − x4

4! s3(x) = `2x −`1
x3

3! + x5

5!t3(x) = `2
x2

2! −`1
x4

4! + x6

6! s4(x) = `3x −`2
x3

3! +`1
x5

5! − x7

7!

a = π
2 , 0 = `i − ti(a)⇒



0 = `1 −a2

2!
⇒ `1 =

a2

2!

0 = `2 −`1
a2

2!
+

a4

4!
⇒ `2 =

5a4

4!

0 = `3 −`2
a2

2!
+`1

a4

4!
−a6

6!
⇒ `3 =

61a6

6!
etc.

Johann finds the sequence:

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14
Ei 1 1 2 5 16 61 272 1385 7936 50521 353792 2702765 22368256 199360981
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Approximation of π

VII = VIII⇒ 272a7

7!
=

1385a8

8!
⇒ a =

272 · 8
1385

⇒ 2a = π =
4352
1385

2a error
I = II 4 −0.85840734

II = III 3 0.14159265

III = IV 16
5 −0.05840734

IV = V 50
16 0.01659265

V = VI 192
61 −0.00594833

VI = VII 854
272 0.00188677

VII = VIII 4352
1385 −0.00064561

VIII = IX 24930
7936 0.00021160

IX = X 158720
50521 −0.00007120

X = XI 1111462
353792 0.00002359

XI = XII 8491008
2702765 −0.00000789

XII = XIII 70271890
22368256 0.00000262

XIII = XIV 626311168
199360981 −0.00000087
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Other Approximation of π
Suppose VIII = semi-cycloid

BC = 1⇒ r = 1
π

a8 1385
8!

= 4 · 1
π

=
2
a

⇒ a9 =
2 · 8!

1385

“Curva” 2a error =

I 2
√

2 0.3131655288
II 2 3

√
4 −0.0332094503

III 2 4
√

6 0.0114234934

IV 2 5
»

2·4!
5 −0.0024196887

V 2 6
»

2·5!
16 0.0007570486

VI 2 7
»

2·6!
61 −0.0001999873

VII 2 8
»

2·7!
272 0.0000609333

VIII 2 9
»

2·8!
1385 −0.0000175640

IX 2 10
»

2·9!
7936 0.0000053536

X 2 11
»

2·10!
50521 −0.0000016065

XI 2 12
»

2·11!
353792 0.0000004937

XII 2 13
»

2·12!
2702765 −0.0000001513

XIII 2 14
»

2·13!
22368256 0.0000000469

XIV 2 15
»

2·14!
199360981 −0.0000000145
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Euler’s Proof (Demonstratio Theorematis Bernoulliani, E300, 1766)
“Insigne igitur hoc Theorema soli quasi observationi innixum (...).”

First part: “ausserordentliche Kühnheit” (Speiser, 1954)
• y1(x) = AD, y2(x) = AE, . . ., yi(

π
2 ) = Li and z = y∞ the “curva infinitissima”.

• “nihil enim impedit”

• by analogy
x=0 : y7=0 y′7=L6 y′′7 =0 y′′′7 =−L4 y(4)

7 =0 y(5)
7 =L2 y(6)

7 =0

x=π
2 : y7=L7 y′7=0 y′′7 =−L5 y′′′7 =0 y(4)

7 =L3 y(5)
7 =0 y(6)

7 =−L1

“perspicitur” and y(2k+1)
∞ (π2 ) = 0⇒ α = 1, β = 3, γ = 5, δ = 7, ε = 9, . . .

⇒ y∞(x) = A sin(x) “(...) sicque habemus perfectam demonstrationem theorematis BERNOULLIANI.”

Second part: Φ > π
2 (resp. <) epicycloid (resp. hypo-), Φ = π

2 cycloid GeoGebra !
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Euler’s Proof Rearranged (' Puiseux, 1844)
“(...) il m’a semblé qu’on la simplifiait beaucoup en la présentant de la manière suivante (...)” (Puiseux)

ci(x) := `i − ti(x) =
∫ π/2

x
si(ξ) dξ

si(x) =
∫ x

0
ci−1(ξ) dξ

c0(x) := 1 = 4
π
(+ cos(x)− 1

3 cos(3x)+ 1
5 cos(5x)−...)∫ π/2

x
sin(kξ) dξ = 1

k cos(kx) k = 1, 3, 5, . . .∫ x

0
cos(kξ) dξ = 1

k sin(kx)

s1(x) = x = 4
π
(+ sin(x)− 1

32 sin(3x)+ 1
52 sin(5x)−...)

c1(x) = 4
π
(+ cos(x)− 1

33 cos(3x)+ 1
53 cos(5x)−...)

s2(x) = 4
π
(+ sin(x)− 1

34 sin(3x)+ 1
54 sin(5x)−...)

. . .

si(x)→ 4
π

sin(x) ci(x)→ 4
π

cos(x)
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Euler’s Formulas (E130, 1740)
x = π

2 for s1, s2, s3, . . ., x = 0 for c0, c1, c2, . . . and Li = Ei
(π

2 )i

i!

10/27



Lagrange’s Manuscript

Institut de France Library.
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Sur le developpement des courbes (Lagrange, 1780)
“(...) il me semble que sa methode ne porte pas et ne sauroit porter dans l’esprit toute la lumiere ni toute la
conviction qu’on peut desirer sur ce sujet.”

Long correct proof. No trigonometric series in Lagrange’s manuscript (59 pages)...
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Controversery between Lagrange and Fourier (' 1807)

BNF, Ms. Fr. 22529

Lagrange: Calculus applies only to functions
satisfying the “loi de continuité”.
He asserts that (b) is false if x > π

2 :

(a) sin(y)+ 1
2 sin(2y)+ 1

3 sin(3y)+ 1
4 sin(4y)+...=− y

2 +
π
2y=π−x

⇔
(b) sin(x)− 1

2 sin(2x)+ 1
3 sin(3x)− 1

4 sin(4x)...= x
2

(c) cos(x)−cos(2x)+cos(3x)−cos(4x)+...= 1
2y=π−x

⇔
(d) −cos(y)−cos(2y)−cos(3y)−cos(4y)−...= 1

2

(e) sin(y)+ 1
2 sin(2y)+ 1

3 sin(3y)+ 1
4 sin(4y)+...=Cons− 1

2 y

(f) sin(y)+ 1
2 sin(2y)+ 1

3 sin(3y)+ 1
4 sin(4y)+...=− 1

2 y

(f) is a contradiction with (a) !
Fourier: (b) converges everywhere !
“Je vous prie instamment de jeter les yeux sur cette note (...) si de pareilles démonstrations
peuvent être douteuses, il faut renoncer à écrire quelque chose d’exact en mathématiques.”
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Alternating Permutations (Désiré André, 1879,1881)
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Alternating Permutations (Désiré André, 1879,1881)

E0 =1, E1 =1, E2 =1, E3 =2, E4 =5, E5 =16, E6 =61, E7 =272, E8 =1385, . . .

Same numbers as Johann’s numbers for arc lengths !
“Je ferai (...) avec un grand plaisir la connaissance de M. D. André, dont je me rappelle bien les Notes dans les
Comptes rendus. L’ingénieuse définition de certains nombres entiers qui donnent aussitôt les coefficients dans
les développements de tang x, séc x, comme nombres de permutations, jouissant de certaines propriétés, s’est
gravée dans mon esprit.” (Stieltjes to Hermite, Paris, February 1886)

Gregory, 1671

Theorem. Corollary. (“définition très simple, très nette”)

E(x) =

∞∑
n=0

En
xn

n!
= sec(x) + tan(x)

∞∑
k=0

E2k
x2k

(2k)!
= sec(x)

∞∑
k=0

E2k+1
x2k+1

(2k + 1)!
= tan(x)
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André’s Recurrence

“C’est un très joli exercice.” (Arnol’d, 2000)

“[Ceci] s’établit par les raisonnements combinatoires les plus simples.” (André, 1879)

Proof.
We count alternating permutations of [n + 1] according to the position of n + 1:

� . . . � > �︸ ︷︷ ︸
k

<
σk+1=n+1

�
k+1

> � < � . . . �︸ ︷︷ ︸
n−k

2En+1 =

n∑
k=0

Ç
n
k

å
EkEn−k (n 6= 0)

⇒ E(x)2 = E2
0+
( E0

0!
E1
1! + E1

1!
E0
0!

)
x+
( E0

0!
E2
2! + E1

1!
E1
1! + E2

2!
E0
0!

)
x2 + . . .

= E1+ 2 E2
1! x+ 2 E3

2! x2 + . . .

= 2E′(X)− 1

E(0)=1⇒ E(x) = sec(x) + tan(x) �
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Geometric Interpretation of E (H. & Wanner, 2019)
Johann’s arc lengths:

CA =
1a0

0!
,BA =

1a1

1!
,AF =

1a2

2!
,FH =

2a3

3!
,HK =

5a4

4!
,KM =

16a5

5!
, . . .

Nowhere assumed that a = π
2 . Case a < π

2 :

∞∑
k=0

E2k
x2k

(2k)!
= sec(x)

∞∑
k=0

E2k+1
x2k+1

(2k + 1)!
= tan(x)

Euler, 1755
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Seidel-Entringer-Arnol’d Triangle (Entringer, 1966)
André is not cited !

Entringer’s idea is to consider

DUn,k := {σ ∈ DUn | σ1 = k}, UDn,k := {σ ∈ UDn | σ1 = k}

and En,k = #DUn,k = #UDn,n+1−k.
Lemma.

En,k = En,k−1 + En−1,n+1−k
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Seidel-Entringer-Arnol’d Triangle (H. & Wanner, 2019)

 combinatorial proof of Li = Ei
ai

i! .
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Paths in a Directed Graph (Arnol’d, 1991)

Proposition. Bijection between alt. perm. in a node and paths to this node.
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Binary Increasing Trees

Proposition 1. (Foata & Schützenberger, 1971) Tn = En.
XXX
Tn,k = #{T ∈ Tn | emc(T) = k}
where emc is the end of the minimal chain.
XXX
Proposition 2. (Poupard, 1982) Tn,k = En,k.
XXX
Proposition 3. (Gelineau & al., 2010)
There exists a bijection Ψ : DU n,k → Tn,k

such that
first(σ) = emc(Ψ(σ)).

XXX
XXX
(His proof doesn’t use paths in the graph !)
XXX
XXX
XXX
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The Set T5 organised
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The Set T5 organised
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Simplified Proof of Proposition 3 (H., 2021)

Reduction(-Amplification): t ∈ Tn,k with minimal chain (1, 2, . . . , a` = k).

• R0) k = 2 no modifications !

• R1) k > 2, a` = k, a`−1 = k − 1 and min(A) ≤ min(B) (min(Ø) =∞):

• R2) k > 2, a` = k, a`−1 < k − 1:
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Simplified Proof of Proposition 3 (H., 2021)
Deletion(-Insertion):

• k = 2:

• k ≥ 3, a` = k, a`−1 = k − 1 (otherwise apply R2) and min(A) > min(B)
(otherwise apply R1):

Always possible to add the points {1, 2}, {2, 3},. . .,{k − 1, k} with k−1 = emc(t′).

Example. σ = 748591623 ∈ DU9,7. How to construct Ψ(σ) ?

Watch the video animation of my friend Martin Anderegg !
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