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This presentation concerns well-balanced Lagrange-projection schemes applied to the two-layer shal-
low water system. With such a model, we assume the fluid to be composed of two superimposed layers
of immiscible liquids where the upper one has a smaller density [3]. In particular, we are interested in
situations in which the ratio of the two densities is close to one, which often happen in geophysical
flows. However, in such cases, the system is only conditionally hyperbolic as complex internal eigenva-
lues could appear [1]. A further difficulty is related to the presence of two velocities, one for each layer,
due to which it is not straightforward to understand how to apply the Lagrange-projection strategy
to this system. One idea could be to implement the Lagrange-projection approach for each layer and
then to couple them. However, it is known that this kind of decoupled strategy usually leads to the
presence of spurious oscillations in the numerical results [1]. Hence, here we consider a different cou-
pled approach and, in particular, we propose a formulation of the mathematical model in Lagrangian
coordinates. We also consider a different interpretation of the Lagrange-projection approach, namely
the acoustic-transport splitting [2]. The latter implies the decomposition of the different phenomena
of the model, resulting in two different systems, the acoustic and transport ones. For the former, we
design an approximate Riemann solver based on a relaxation approach and then use the associated
Godunov-type scheme. We also underline that the resulting approximation can be exploited for the La-
grangian system. Finally, let us recall that the acoustic-transport splitting (or the Lagrange-projection
decomposition) can be particularly interesting in subsonic regimes, where the acoustic waves are much
faster than the transport ones. This means that an implicit approximation of the acoustic system could
lead to the design of very fast numerical schemes as we would neglect the acoustic CFL condition on
the time step. For this reason, we propose both an explicit and an implicit strategy for the acoustic
equations, while keeping an explicit approximation for the transport step.
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