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Introduction

Aim: Establish anisotropic Sobolev inequalities in Rn with a
monomial weight in the general setting of rearrangement invariant
spaces.

Monomial weights

dµ(x) := xAdx = |x1|A1 · · · |xn|Andx . (1)

where A = (A1,A2, . . . ,An) is a vector in Rn with Ai ≥ 0 for
i = 1, . . . , n,
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For all smooth, compactly supported function f ∈ RN−1 × R+.

a ≥ 0, N + a > 2
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Introduction

The main purpose of this paper is to obtain some anisotropic
Sobolev inequalities on Rn with monomial weight xA in the general
setting of rearrangement invariant spaces (e.g. Lp, Lorentz, Orlicz,
Lorentz-Zygmund, etc...).

dµ(x) := xAdx = |x1|A1 · · · |xn|Andx . (2)

We observe that when p > 1 and Ai < p − 1 for all i = 1, · · · , n
xA belongs to the Muckenhoupt class Ap, but, in general the
monomial weight does not satisfy the Muckenhoupt condition.



Basics

Distribution function of f

µf (t) = |{x ∈ Rn : |f (x)| > t}| (t ∈ R).

The decreasing rearrangement f ∗µ of f :

f ∗µ (s) = inf{t ≥ 0 : µf (t) ≤ s}.

f ∗∗µ (t) =
1

t

∫ t

0
f ∗µ (s)ds.

Oscillation of f
Oµ(f , t) := f ∗∗µ (t)− f ∗µ (t)
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r.i. spaces

We say that a Banach function space X = X (Rn) on (Rn, µ) is
rearrangement-invariant (r.i.) space, if g ∈ X implies that
f ∈ X for all µ−measurable functions f such that f ∗µ = g∗µ, and
‖f ‖X = ‖g‖X .
Basic property:

I ∫
Rn

|u(x)w(x)| dµ ≤
∫ ∞

0
u∗µ(t)w∗µ(t) dt.

I ∫ r

0
f ∗µ (s)ds ≤

∫ r

0
g∗µ(s)ds ∀r > 0⇒ ‖f ‖X ≤ ‖g‖X

A r.i. space X (Rn) can be represented by a r.i. space on (0,+∞),
with Lebesgue measure, X̄ = X̄ (0,∞), such that

‖f ‖X = ‖f ∗µ ‖X̄ ,



r.i. spaces

Lorentz spaces: (0 < p <∞, 0 < q ≤ ∞)

‖f ‖Lp,q :=

(∫ ∞
0

(
t1/pf ∗µ (t)

)q dt

t

)1/q

.

‖f ‖Lp,p =

(∫ ∞
0

(
t1/pf ∗µ (t)

)p dt

t

)1/p

=

(∫
Rn

|f (x)|p dµ
)1/p

.

Lorentz-Zygmung spaces: (0 < q ≤ ∞)

‖f ‖L∞,q(logL)−1 =

(∫ ∞
0

(
f ∗∗µ (t)

1 + log+
(

1
t

))q
dt

t

)1/q

.



r.i. spaces

Lorentz spaces: (0 < p <∞, 0 < q ≤ ∞)

‖f ‖Lp,q :=

(∫ ∞
0

(
t1/pf ∗µ (t)

)q dt

t

)1/q

.

‖f ‖Lp,p =

(∫ ∞
0

(
t1/pf ∗µ (t)

)p dt

t

)1/p

=

(∫
Rn

|f (x)|p dµ
)1/p

.

Lorentz-Zygmung spaces: (0 < q ≤ ∞)

‖f ‖L∞,q(logL)−1 =

(∫ ∞
0

(
f ∗∗µ (t)

1 + log+
(

1
t

))q
dt

t

)1/q

.
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The generalized Lorentz spaces Λp,q(w)

‖f ‖Λp,q(w) :=

(∫ ∞
0

(
t1/pf ∗µ (t)

)q
w(t)

dt

t

)1/q

<∞. (3)

The Gamma space Γp(w)

‖f ‖Γp(w) :=

(∫ ∞
0

f ∗∗µ (s)pw(s)ds

)1/p

<∞. (4)

Orlicz spaces:

‖f ‖LΦ = inf

{
λ > 0 :

∫
Ω

Φ

(
|f (x)|
λ

)
dµ(x) ≤ 1

}
.



If X is a r.i. space, the p−convexification X (p) of X , is the r.i.
space defined X (p) = {f : |f |p ∈ X} endowed with the following
norm

‖f ‖X (p) = ‖|f |p‖1/p
X , 1 ≤ p <∞. (5)



Main Result

Let A be a non negative vector in Rn, D = A1 + A2, · · ·+ An + n.

dµ(x) := xAdx = |x1|A1 · · · |xn|Andx .

There are equivalent

I (Poincaré inequality)

‖f ‖
L

D
D−1
µ

�
n∑

i=1

‖fxi‖L1
µ
. (6)

I ∫ t

0

(
Oµ(f , ·) (·)−

1
D

)∗
(s)ds �

∫ t

0

n∏
i=1

 d

ds

∫
{|f |>f ∗µ (s)}

∣∣∣fxi ∣∣∣ dµ
∗ (τ)


Ai +1
D

dτ



Main Result

X r.i. space, then

∥∥∥Oµ(f , t)t−
1
D

∥∥∥
X̄
�

∥∥∥∥∥∥∥
n∏

i=1

[(
d

ds

∫
{|f |>f ∗µ (s)}

|fxi | dµ

)∗
(τ)

]Ai+1

D

(t)

∥∥∥∥∥∥∥
X̄

.

(7)
Given p1, · · · , pn ≥ 1, let p be the weighted harmonic mean
between p1, · · · , pn, i.e.

1

p
=

1

D

n∑
i=1

Ai + 1

pi
, (8)

then

‖Oµ(f , t)t−
1
D ‖X̄ (p) �

n∏
i=1

‖fxi‖
Ai+1

D

X (pi )
, (9)



(f̃xi )
∗
µ(t) :=

(
d

ds

∫
{|f |>f ∗µ (s)}

|fxi | dµ

)∗
(t).

Lemma
Let f ∈W 1,1

0 (Rn, µ), then∫ t

0
(f̃xi )

∗
µ(τ)dτ ≤

∫ t

0
|fxi |
∗
µ (τ)dτ, (t ≥ 0)

therefore for any r.i space X on (Rn, µ) we have that∥∥∥(f̃xi )
∗
µ

∥∥∥
X̄
≤
∥∥∥|fxi |∗µ∥∥∥

X̄
= ‖fxi‖X .

Lemma
Let X be a r.i. space and let 0 ≤ θi ≤ 1 such that

∑n
i=1 θi = 1,

then

‖
n∏

i=1

|fi |θi‖X ≤
n∏

i=1

‖fi‖θiX .



From oscillation to embeddings

Main difficulty: the oscillation depends neither on the growth of f ∗

nor on f ∗∗.

There is a weight w (which depends on X and D)

‖f ∗∗(t)w(t)‖X̄ (p) � ‖Oµ(f , t)t−
1
D ‖X̄ (p) ,



Examples: Lp

Let p1, · · · , pn ≥ 1 and f ∈ C 1
c (Rn).

i) If p < D, then

‖f ‖
Lp
∗,p
µ
�

n∏
i=1

‖fxi‖
Ai+1

D

L
pi
µ

, (10)

where p is defined as in (8) and p∗ = pD
D−p .

ii) If p = D, then∫ 1

0

(
f ∗∗µ (t)

1 + ln 1
t

)D
dt

t

1/D

�
n∏

i=1

‖fxi‖
Ai+1

D

L
pi
µ

+ ‖f ‖L1
µ+L∞ . (11)

iii) If p > D, then

‖f ‖L∞ �
n∏

i=1

‖fxi‖
Ai+1

D

L
pi
µ

+ ‖f ‖L1
µ+L∞ . (12)



Examples: Lp,q

Let f ∈ C 1
c (Rn), p1, · · · , pn ≥ 1 and q1, · · · , qn ≥ 1.

i) If p̄ < D, then

‖f ‖
Lp
∗,q
µ
�

n∏
i=1

‖fxi‖
Ai+1

D

L
pi ,qi
µ

,

where p̄ and q̄ are defined as in (8) and p∗ = pD
D−p .

ii) If p̄ > D, then

‖f ‖L∞(Rn) �
n∏

i=1

‖fxi‖
Ai+1

D

L
pi ,qi
µ

+ ‖f ‖L1
µ+L∞ .

iii) If p̄ = D, then(∫ 1

0

(
f ∗∗µ (s)

1 + ln 1
s

)q̄
ds

s

)1/q̄

�
n∏

i=1

‖fxi‖
Ai+1

D

L
pi ,qi
µ

+ ‖f ‖L1
µ+L∞ .



Examples: Lorentz-Zygmund spaces
Let f ∈ C 1

c (Rn), p1, · · · , pn ≥ 1 , q1, · · · , qn ≥ 1 and α ∈ R.
i) If p̄ < D, then

‖f ‖
Lp
∗,q
µ (log L)α

�
n∏

i=1

‖fxi‖
Ai+1

D

L
pi ,qi
µ (log L)α

.

where p̄ and q̄ are defined as in (8) and p∗ = pD
D−p .

ii) If p̄ > D, then

‖f ‖L∞(Rn) �
n∏

i=1

‖fxi‖
Ai+1

D

L
pi ,qi
µ (log L)α

+ ‖f ‖L1
µ+L∞ .

iii) If p̄ = D, then(∫ 1

0

(
f ∗∗µ (s)

1 + ln 1
s

)q̄ (
1 + ln

1

s

)α ds

s

)1/q̄

�
n∏

i=1

‖fxi‖
Ai+1

D

L
pi ,qi
µ (log L)α

+‖f ‖L1
µ+L∞ .



General r.i. spaces

Boyd indices:

ᾱX = inf
s>1

ln hX (s)

ln s
and αX = sup

s<1

ln hX (s)

ln s
,

where hX (s) denotes the norm of the compression/dilation
operator Es on X̄ , defined for s > 0, by Es f (t) = f ∗( ts ).

Examples

If X = Lpµ, X = Lp,qµ or X = Lp,qµ (logL)α, then ᾱX = αX = 1
p .
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General r.i. spaces
Let X be a r.i. space on (Rn, µ) and f ∈ C 1

c (Rn). If
p1, · · · , pn ≥ 1, then

‖t−1/D [f ∗∗µ (t)− f ∗µ (t)]‖X̄ (p) �
n∏

i=1

‖fxi‖
Ai+1

D

X (pi )
,

where
1

p
=

1

D

n∑
i=1

Ai + 1

pi
,

i) if αX > p
D , then

‖t−1/D f ∗∗µ (t)‖X̄ (p) �
n∏

i=1

‖fxi‖
Ai+1

D

X (pi )
;

ii) if ᾱX < p
D , then

‖f ‖L∞ �
n∏

i=1

‖fxi‖
Ai+1

D

X (pi )
+ ‖f ‖L1

µ+L∞ .



Optimality
Given p ≥ 1,

A(p) =

q̂ = (q1, · · · , qn)∈ Rn : qi ≥ 1 for i = 1, · · · , n and
1

D

n∑
i=1

Ai + 1

qi
=

1

p

 .

Let X , Y be two r.i. spaces on (Rn, µ) and p ≥ 1. The next
statements are equivalent:
i) The Hardy type operator Q̄D f (t) :=

∫∞
t s1/D |f (s)|dss is

bounded from X̄ (p) to Ȳ .
ii) There is a positive constant c , such that for all q̂ ∈ A(p) and
u ∈ C 1

c

(
Rn
∗
)

we get

‖u‖Y ≤ c
n∏

i=1

‖uxi‖
Ai+1

D

X (qi )
. (13)

iii) For all u ∈ C 1
c

(
Rn
∗
)

we get

‖u‖Y � ‖t−1/D [u∗∗µ (t)− u∗µ(t)]‖X̄ (p) .
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