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Introduction

Aim: Establish anisotropic Sobolev inequalities in R" with a
monomial weight in the general setting of rearrangement invariant
spaces.

Monomial weights
dpu(x) == xAdx = |xg |4 - - - x| dx. (1)

where A = (A1, A, ..., Ap) is a vector in R" with A; > 0 for
i=1,...,n,
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» Bakry, Gentil and Ledoux: (Analysis and Geometry of Markov
Diffusion Operators, Grundlehren der Mathematischen
Wissenschaften, vol. 348. Springer, Berlin (2013))

For all smooth, compactly supported function f € RVN=1 x R,

1
N4ia—2

(N+a)
[/ / |u (= ”’*+ = r\dr} <S(N,a [[ ] |Vu (x i l\dl}
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a>0, N+a>2
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Introduction

» X. Cabre and X. Ros Oton, Regularity of stable solutions up
to dimension 7 in domains of double revolution. Commun.
Partial Differ. Equ. 38 (2013), 135-154.

Motivated by an open question raised by Haim Brezis, Cabre and
Ros—Oton studied the problem of the regularity of stable solutions
to reaction-diffusion problems of double revolution and derived

Proposition 1.7. Let a > —1 and b > —1 be real numbers, being positive at least
one of them, and let
D=24a+b.
Let u be a nonnegative Lipschitz funetion with compact support in R? such that
u, <0 and u, <0 in (Ry)?,

with strict inequality when v > 0. Then, for each 1 < g < D there exist a constanl
C, depending only on a, b, and q, such that

1/q" 1/q
(1.10) f s""u|? dsdt Z@ / st Vu|Tdsdt |,
(R4 )2 J(ry)?

o — Dg
where g* = T




Introduction

» X. Cabre and X. Ros-Oton, Sobolev and isoperimetric
inequalities with monomial weights. J. Differential Equations,
255 (2013), 4312-4336.

(1.4) RY = {(z1,...,%n) € R" : 2; > 0 whenever A; > 0}
and
B! = B,(0)NRY.
For each 1 < p < oc, let Wy P(R", zdx) be the closure of the space of C'(R"*) under
the norm ( [y a([u|” + |V1L\P)d{r)”p.

Theorem 1.3. Let A be a nonnegative vector in R", D = A; +---+ A, +n, and
1 < p < D be areal number. Then,

(a) There exists a eonstant Cp, such that for all u € C1(R™),
1
5

(1.5) ([ a"4|u|P‘d2‘) N <Gy (/ TA\Vulpd.T)
B R

where p, = 5—_Dp and z* is given by (LI).




Introduction

Trudinger—Moser inequalities with monomial weights

Theorem 1.7. Let A be a nonnegative vector in R®, D = Ay +---+ A, +n, and
Q C R" be a bounded domain. Then, for each u € C1(£2),

D
cr)ul )ﬁ " ,
exp _— xdr < Cym(9),
[ﬂ { (||VU||LD<Q.IMI) } : )

where m(Q) = fQ zdz, and ¢, and Cy are constants depending only on D.

» Nguyem, V.H.; Sharp weighted Sobolev and
Gagliardo-Nirenberg inequalities on half-spaces and
consequences, Proc. Lond. Math. Soc. 111, 127-148 (2015)

» Gurka, P. Hauer, D: More insights into the Trudinger—Moser
inequality with monomial weight. Calc. Var. Partial
Differential Equations 60 (2021)
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Introduction

Hardy Sobolev type inequalities with monomial weight

|

A“"Vu(,r)r dr) 3

1

O\
; d,r)P gc( /
RN

forall u e CSO(H@N).

» Castro, H: Hardy-Sobolev type inequalities with monomial
weights. Ann. Mat. Pura Appl. 196, 579-598 (2017).
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Introduction

The main purpose of this paper is to obtain some anisotropic
Sobolev inequalities on R” with monomial weight x* in the general
setting of rearrangement invariant spaces (e.g. LP, Lorentz, Orlicz,
Lorentz-Zygmund, etc...).

du(x) == xAdx = |xg |4 - - - |x, A dx. (2)

We observe that when p>1and Aj<p—1foralli=1,---,n
x” belongs to the Muckenhoupt class Ap, but, in general the
monomial weight does not satisfy the Muckenhoupt condition.
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Basics

Distribution function of f

pur(t) = [{x € R": [f(x)| > t}] (t € R).

The decreasing rearrangement f, of f:

fo(s)=inf{t > 0: ur(t) <s}.

F(1) = 1/t F2(s)ds.
0

t

Oscillation of f

Ou(f,t) == £,7(t) — £;(t)
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r.i. spaces

We say that a Banach function space X = X(R") on (R", i) is
rearrangement-invariant (r.i.) space, if g € X implies that
f € X for all y—measurable functions f such that ;7 = g;, and
1fllx = llgllx-
Basic property:

>

lu(x)w(x)| dp < /Ooo ui(E)wi(t) dt.

Rn

/O F£(s)ds < /0 gi(s)ds Vr> 0= [flx < llgllx

A r.i. space X(R") can be represented by a r.i. space on (0, +0o0),

with Lebesgue measure, X = X (0, c0), such that

Ifllx =71

.l



r.i. spaces

Lorentz spaces: (0 < p < o0, 0 < g < o0)

o0 1/q
o 1/pcx q dt
o= ([ (2o00)" %)
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r.i. spaces

Lorentz spaces: (0 < p < o0, 0 < g < o0)

o0 1/q
o 1 . q dt
o= ([ (2o00)" %)
oo 1/p 1/p
_ 1/px pﬂ = p
||f|Lp,p—(/0 G t) (Rnrf(x)\ du) .
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r.i. spaces

Lorentz spaces: (0 < p < o0, 0 < g < o0)

o0 1/q
o 1/pcx q dt
o= ([ (2o00)" %)

””ww:(ﬂm<ﬁ”$ﬁ0pf)uh=(RJN@WWQ”ﬁ

Lorentz-Zygmung spaces: (0 < g < o)

1
. - 0o flj‘*(t) th /q
1l Loo-a(0gL)-1 = 0 \14igr (D)) :
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The generalized Lorentz spaces AP9(w)

1/q

o= ([ (#25:0) w0 ) <

The Gamma space '°(w)
00 1/p
Herp(W) = </0 ff(s)”w(s)ds) < oo.

Orlicz spaces:

]l e = inf{)\ >0: /QdD <|f(;)|> du(x) < 1}.

.l



If X is a r.i. space, the p—convexification X(P) of X, is the r.i.
space defined X(P) = {f : |f|P € X} endowed with the following
norm .

Ifllxe = IIFPIXP. 1< p < oo. (5)
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Main Result

Let A be a non negative vector in R", D = A; + A, -+ A, + n.
du(x) == xAdx = |X1\A1 e |X,,]A"dx.

There are equivalent

» (Poincaré inequality)
\fll = Z 1l - (6)

Aitl

* D
fxl.‘ d,u) (7)] dr

'/Ot<ol‘(f")(-)_%) (sds-</0 H{( -/{W>f*(
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Main Result

X r.i. space, then

. Aj+1
; Sl d ?
|outr.0e 8 =< K [l du) (T)] (1)
X 1:[1 ds J{|F>£:(s)} )
(7)
Given py,--- ,pp > 1, let p be the weighted harmonic mean
between p1,--- , pn, i.€.
1 A + 1
= 8
5= (8)
then
1 n A+l
10u(F, )t Bl = [T Il 0 » (9)

i=1
.y



. d *
(f)(t) == (/ !fx,-\du> (1).
g ds J{f1>£x(s)}
Lemma

Let f € W, (R, ), then

/O (B )(r)dr < /0 L% ()T, (> 0)

therefore for any r.i space X on (R", 1) we have that

(o)

_s\
X

il

% = fo,Hx

Lemma
Let X be a r.i. space and let 0 < 6; <1 such that 3.7 ;6; =1,

then
n n
01’ 9,‘
ITT 6% 1% < TT#0%- -
=1 i=1 P s



From oscillation to embeddings

Main difficulty: the oscillation depends neither on the growth of *
nor on **.

There is a weight w (which depends on X and D)

ok _1
£ ()w(t)llxm = |0u(f, )t 255
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Examples: LP
Let p1,---,pp>1and f € CR").
i) If p <D, then

Ai+1
11l v 7 = Hllfx,HLp, ) (10)
where p is defined as in (8) and p* = %_
ii) If p= D, then
D 1/
) dt Ai+1
o
/ (1+|n1> = Hfo,HLp, iy (01
iii) If p > D, then
A+l
1l = Hfo,HLp, Al pee - (12)
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Examples: LP9

Let f € CX(R"), p1,-- ,pn>1and g1, ,qn > 1.
i) If p < D, then

moo A
1llza = LTIl e
i=1

where p and g are defined as in (8) and p* = %_
i) If p > D, then
Ai+1

n
11 oo ey = Hl sl e+ 1l g 1o -
=

iii) If p = D, then

1 f**(s) q ds /g n Ai+1
K’ — < fll o +|IF -~ .

i=1 une




Examples: Lorentz-Zygmund spaces

Let f € CX(R"), p1,-,Pn>1,G1,- - ,q9, > 1 and a € R.
i) If p < D, then

A+l

n
|| f” LE*’E(")% L) = 1—[1 || in |’L‘5’qi(log Lye "
=

where p and g are defined as in (8) and p* = %_
i) If p > D, then
i+1

A
11l oo ey = H fo,IILp, (ogryr T NIl 400

iii) If p = D, then

_ 1/z
gs) ) " a5\’ g
/0 1+|n% 1+In; S HHfXIHLP,q,(logL +Hf||L1+Lc

UHB




General r.i. spaces

Boyd indices:

In hx(s In hx(s
ax = inf In hx(s) and ay =sup x(s)
s>1 Ins s<1 Ins

)

where hx(s) denotes the norm of the compression/dilation
operator E; on X, defined for s > 0, by Esf(t) = f*(%).
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General r.i. spaces

Boyd indices:

In hx(s In hx(s
ax = inf In hx(s) and ay =sup x(s)
s>1 Ins s<1 Ins

)

where hx(s) denotes the norm of the compression/dilation
operator E; on X, defined for s > 0, by Esf(t) = f*(%).

Examples

If X = L, X = L or X = L9(logL)*, then ax = ax = .
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General r.i. spaces
Let X be ar.i. space on (R”, ) and f € CL(R™). If
p1, -+, Pn =1, then

Aj
D

n +1
eI () = £ (Ollxm =< [T 16l iy »
i=1

where

1__1jiAr+1

p D& p

i=1
i) if ax > B, then
D n A+l
I PE (O lxm = [T 16l B
i=1

, then

w/pe]

i) if ax <
At
D

n 1
Hf”/_oo = H fo,-HX(p,-) + Hf||L}L+L°° :
i=1
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Optimality
Given p > 1,

) 1A+ 1
Ap) =<9 a=(q, - ,qn) ER":q; > 1fori=1,---,nand =y —— = — 5.
D= q P

Let X, Y be two r.i. spaces on (R"”, ) and p > 1. The next
statements are equivalent:

i) The Hardy type operator Qpf(t) := foo sYP|f(s )|dss is
bounded from X(P) to Y.

ii) There is a positive constant c, such that for all § € A(p) and
ue C(RD) we get

A+l
Jully < CH (™A (13)

iii) For all u € C} (R?) we get

lully < e Plur () = ui()]ll g

.l



» Feo, F.; Martin, J.; Posteraro, M. R. Sobolev anisotropic
inequalities with monomial weights. J. Math. Anal. Appl. 505
(2022), no. 1, Paper No. 125557, 30 pp.
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