How can Mathematics help someone with
Glioblastoma Multiforme?
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Brain tumor (grade 1V)
3481 cases in 2018 (France)

5% of patients survive at least 5
years

Treatments! = Surgery +
Radiotherapy-Chemotherapy

IR. Stupp et al. Radiotherapy plus concomitant and adjuvant temozolomide
for glioblastoma. N Engl J Med, 352:987-996, 2005. doi:

10.1056/NEJMoa043330.
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Numerical modelling around

the behaviour of GBM Cell SR TN E T ER

rameter estimation

o Model based on tumour-
induced angiogenesis
o Numerical schemes
o Numerical simulations

o Inverse problem formulation
o Inverse problem resolution
o Numerical resolution
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Tumor-associated angiogenesis
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Oru — V.(AN(x)a(u)Vu) + V.(ANx)x(v)Vc) = prh(c)fy, (u) — fru— T(t,u)
8tC — V(DQVC) = QpUe — ﬂzC — Y2U.C

Ortue — V. (Nx)a(ue)Vue) + V.(AX)x(ue)VV) = p3fu(ue) — Baue

8tV — V(D4V\/) = Oé4g(C) — ,64\/ — ’y4ueV

A(x): medium dependant diffusion matrix
D> and Dy: Isotropic diffusion matrix Tumor-associated angiogenesis

tumour growth <
2 . E
53 g

a(.): cell-dependant diffusion function
X(.): cell-dependant chemotaxis function
f(.): cell-dependant reproduction function
T(.): treatment function

g(.): O>-dependant production under
hypoxia

h(.): Os-dependant reproduction of tumour
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Positivity of all quantities

Upper-boundedness of cell
quantities

Use Finite-Volume for numerical
flux conservation

No constraints on the mesh
needed
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—No treatment
— Surgery
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Number of tumour cells in the brain

10° Surgery Radiotherapy

:
!
: !
e LoIrT Ty ‘ ‘
0 10 20 30 40 50 60 70 80 a0 100
Time (days)

Alonzo, F., Serandour, A.A. & Saad, M. Simulating the behaviour of
glioblastoma multiforme based on patient MRI during treatments. J. Math.
Biol. 84, 44 (2022). https://doi.org/10.1007/s00285-022-01747-x
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https://doi.org/10.1007/s00285-022-01747-x

Combined state and pa-
rameter estimation

o Inverse problem formulation
o Inverse problem resolution
o Numerical resolution
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Find 0 = (p, 4, o, B, 7).

94—V - (D1Vu) + V.(DixuVe) = gi(u, c,0) = pu(l — u) — du

% — V- (D2Ve) = go(u, c,0) = au — Bc — yuc
u(t = 0,x) = uo(x), c(t = 0,%) = co(x)
D1VU‘H— Dlxchﬁ':O,Dch‘ﬁ:O

di = jf(u(t,-,-),c(t,' ))

Where are errors?
Precision of the analytical model

Estimation of the initial state

Measurements precision
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9u V- (D1Vu) + V.(D1xuVe) = gi(u, c,0)+qi(t,x)
%€ — V- (D2Ve) = ga(u, ¢, 0)+q2(t, x)
u(t =0,x) = up(x)+ai(x), c(t =0,x) = co(x)+ax(x)
Di1Vu-n— DixuVec-n7=0,D,Vc-A=0
di = A (u(t;,+), c(ti,-))+ei
Where are errors?
Precision of the analytical model = qi1(t,x), qa2(t,x) ~ A (Or2, Kqq)

Estimation of the initial state = a1(t, x), ax(t,x) ~ A (0rz, Ks2)
Measurements precision = (¢;)1<i<n,,., ~ ¥ (Orm, Zce)

Find 6 minimizing ¢ (u,c,0) = e1(u, c,0) + ex(u, c,0) + e3(u, c,0).

«O0>» «F»>» «E» «E>»
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F(u,c,0)=e(u,c,0)+ eu,c, 9)+eg(u c,0)

//// &lu,e, s X)Waq(t, x,5,y)& (u, ¢, 0)(s, y)dxdydtds

// (Wo — ®o) " (x) Waa(x, y)(Wo — ®o)(y)dxdy

Nimea

=+ Z(dl - ‘%ﬂ tH ')7 (tiv ')))TWEE(df - %(u(th ')v C(tfv )))

With i
_ —V - (D1Vu)+ V.(DixuVe) — gi(u, c,0)
‘g)(“vc"’)—< 9% _ v (DY) — go(u, ¢, 0) )
Vo = (u(t =0),c(t =0)), o = (uo, o)

// qu(tl,s X1, U ) qq(S th,u Xz)dUdS = (5(1’1 — t2)5(x1 —X2)|2
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A minimum (u*,c*,0*) of # on E follows
d 7 (u*,c*,0%) - (6u,dc,60) =0, for all directions (du,dc,d6) € E.
In our case, the differential of ¢ is

d 7(u*,c*,0%) - (0u,dc,db)

= de; + des + des

=d&T(u*,c*,0%) - (6u,6c,00) 0 Wy 0 &(u*, c*,0%)
40U * W,y % (W5 — &)

+dA(u*, c*) - (6u,6¢)T W, (d — A (u*, c*)).

oz// -dxdt, *E/'dX
1JQ Q
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We define the variable \ as

A (t,x) €1 x Q= We(t,-, x,-) 0 (W, n),
_ )‘1(t7x)
o /\Q(t,X).
The differential of _# becomes
d 7 (u*,c*,0%) - (6u,dc,60) = d&T (u*, c*,0%) - (6u,dc,60) o A+ der + des

Moreover,
(quA)l]
Kgg(t,,x,-) o A = =&V, n)(t,
ol x ) o= () — s (e
_ )5 -V (DY) + V(DixuVe) = gi(u, ¢, 0)+(Kgq\ )1
&-v. (D2VC) = g2(u7 S 9)+(KCICI)‘)2

«O0>» «F»>» «E» «E>»
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Let's rewrite that at (u*, c*, %), for all direction (du,dc, 50)
dET o N+ 6U] % W,y % (Wi — &) + d#T W, (d — #(u*,c*)) =0

Develop expressions with the integrals over space and time.
Perform integration by part to factorize everything by W = (du,dc) or

56.

o ™x @) =0 ®
38 (Waur (05— 00) = (1) =0 )
f{ /5uT ~((D1V A1 — Dyx\Vc) - i) =0 (3)

o Jl
j'{ /5cT ~((D2V A2 — DyxuVAL) -) =0 (4)

o Jl
(5)

«O0>» «F»>» «E» «E>»
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Let's rewrite that at (u*, c*, %), for all direction (du,dc, 50)

dET o N+ 6U] 5 Way+ (W5 — &g) + d#T W, (d — (u*,c*)) =0

)
// SuT - (222 =V - (DyVAL) — DiyVeVy
' Ja ot

B B
+§A1+§A2+%(u )1)=0 (6)

//5 T (%—v (DaVA2) + V- (D1xuVAg)

8 0
;’%+ agzxz%(u c)2) =0 (7)

om 9m dm Om om]! )
//Q 5% b be ba & [Aj dtdx) = 6079(0,u,c,\) = 0
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9u V- (D1Vu) + V.(D1xuVe) = gi(u, ¢, 0) + (KggM)1,
-V (DZVC) = g2(u7 Cve) + (qu)‘)27

u(t = 0,x) = up(x) + (KzaA%)1, c(t = 0,x) = co(x) + (K2aA%)2,
D1Vu-Aa— DiyxuVec-n=0,D,Vc-n=0,

(KS 1)
0/\1 —-V- (D1V)\1) Dlxvc . V)\l = —%Al 6g1 )\2 — ‘f(u, C)l,
35,_. V- (D2VX2) + V- (DixuVA;) = — 28, — —a%Az —€(u,¢)a,
At = tr, x) =0,
(D1V)\1 Dlx)ch) (D2v>\2 — D1XUV>\1) 0,

(KS 2)
g(@,u,c,)\):// b om0 Q;_i e ~{)\}dtdx—ORs,
1o B, @  oa 85 oy 2
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Let's fix a value of #*.
We find the associated value of u*(6%), cX(6%) and \¥(6%).
Find a better value of # trying to get 4(0,u,c, \) = Ogs

6%*1 « Newton-Raphson method to cancel out 6 — %(6, u, ck, \¥)
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6 =[0.2,0.1,0.1,0.03,0.08]

¥, exact

w, exact

05

08

06

04

02
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T, exact A

Final decision
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Estimation of p o Estimation of ¢
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THANK YOU FOR YOUR ATTENTION
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