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Boundary condition on porous boundary

In fluid mechanics, different physical situations demand different
boundary conditions:

e Impermeable wall = no-slip

e Inlet/outlet or moving boundary =
e Pressure boundary condition ’p =q & uXxn= 0‘
e Stress boundary condition Tn=q
e Flux boundary condition /u -n=F
r

. ) . ou;

e Slip (Navier) boundary condition 3 +au =0
n

Porous boundary ?



Effective condition on a porous boundary

Situation: Viscous flow in domain with porous boundary

What boundary condition corresponds to porous boundary?



Interface condition between a free flow and a porous medium

free flow

B —solid phase O —fluid phase

Effective condition is the Beavers-Joseph condition:
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8n_\/R

(Beavers & Joseph (1967), Jager & Mikeli¢ (1996) )




Porous interface inside a fluid domain

-porous interface
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Porous interface inside a fluid domain

Effective condition:

u=c=const. , [p]=pt —p  =Ac (2)

(Sanchez-Palencia (1985), Conca (1987) , Bourgeat, Gipouloux,
Marusi¢-Paloka (2002) )



Porous interface inside a fluid domain

Effective condition:

u=c=const. , [p]=pt —p  =Ac (2)

(Sanchez-Palencia (1985), Conca (1987) , Bourgeat, Gipouloux,
Marusi¢-Paloka (2002) )

Remark

The above law can be seen as the Darcy law on the porous wall

u=k(p"—p7).



Porous interface inside a fluid domain

The case of high porosity (array of small obstacles distributed on a
surface) was studied by G.Allaire in 1991

Brinkman-type of the effective model is obtained
—pAu+Vp+Mudy =0

where dy is a measure concentrated on the surface X.



Description of the problem

The idea is to start with the Stokes system in a domain with
boundary that has periodically distributed holes. On the solid part
of the boundary we impose the standard no-slip condition, while on
each hole we impose an appropriate dynamic condition: the value
of the stress. The goal is to obtain the effective model by studying
the convergence of the homogenization procedure, as the period of
the porous boundary tends to zero.

Wall Hole

u=20 Tn=—-Fyn




The domain’s geometry

Wall Hole

Figure: Domain with porous boundary.
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The governing system

As indicated in the Introduction, we assume that the fluid flow is
governed by the Stokes system. We add the corresponding
boundary conditions to obtain:

—pAu® +Vp* =0, divu® =0 in Q, (3)
the dynamic b.c. : { T(u®,p°)n=—Pyn on 'Y (4)

w=0onlPus,

the kinematic b.c. : ]
u®* =g on X — the inflow

T(u®, p°) = —2pe(u®) + p° | — the stress tensor
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Asymptotic expansion

We seek for the asymptotic approximation of the solution in the

following form:

X
3w 00 =5 @
1 n
pE = u(x) (y) + P(x) + O(e) , (7)
“ =
(wk,7K) | k =1,---, n - the solutions of the auxiliary

boundary-value problems posed in the infinite strip
G = (0,1)" x {0, +00)
u=(u1, - ,u,) , P — the effective velocity and pressure
11



Boundary layer
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AN (stress)

7P (no-slip)
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Boundary layer

Outside of the boundary layer (i.e. for large y, ) we want

wkzek , ﬂk%O,

so that

3

'R Y w(x)ex=u,p°=P.

Boundary layer



Auxiliary problem

—u AW+ V, 75 =0 in G, (8)
divyw* =0 in G, wK=0 on~+P, (9)
T(w*, m6)e, =d* | on A", (10)

(w, %) is 1-periodic in y' , V,w* € L?(G),  (11)
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Auxiliary problem

—u AW+ V, 75 =0 in G, (8)
divyw" =0 in G, wk =0 on+”, (9)
T(wk, 7%)e, =d* | on HV, (10)

(w, %) is 1-periodic in y' , V,w* € L?(G),  (11)

The unique solutions of the boundary layer problems (8)-(11), for
any d¥ € R", exponentially decay to some constants, that are not
given in advance. The idea is to control those constants choose
by choosing vectors d* in a way that
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Auxiliary problem

So d* are not given in advance, they are the part of the problem.
We can prove that a unique triple

(wk, 7k, d¥) € HY(Q)" x [?(Q) x R" can be found, such that
(wk, k) stabilize exponentially to (ex , 0), as y, — +oo.
Furthermore d* - e, > 0 . That is essential since d* appear as the
coefficients in our effective boundary condition.
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As a consequence of the exponential decay, outside of the
boundary layer we have

n

Z u(x) wk(y) ~u=(u1,---,up)
k=1

S uk(x) 7 () ~ 0

k=1

Thus the effective velocity and pressure of the fluid are (u, P).
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The effective boundary condition

We denote by s the fluid stress on the porous boundary
s=T(u,P)n
T(u,P) = —2uD(u) + P1 .

Let L be the positive definite symmetric matrix defined from the
auxiliary problem (8)-(11) by

[L]kj = [dﬂ
The effective boundary condition then reads

’u:Kg(s—Pon) on I

, (13)

where
K. =eL™!
is the (positive definite and symmetric) permeability tensor of the

porous wall.
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The effective boundary condition

Vector Py n is the exterior stress on the boundary. Thus, it is a
generalized Darcy law on the boundary, saying that the velocity
on the boundary is proportional to the difference between the inner
and the outer stress on the boundary.
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The effective boundary condition

Vector Py n is the exterior stress on the boundary. Thus, it is a
generalized Darcy law on the boundary, saying that the velocity
on the boundary is proportional to the difference between the inner
and the outer stress on the boundary.

What is the relation with Beavers-Joseph law?
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The effective boundary condition

In 2D case, the permeability tensor K. turns out to be diagonal.
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The effective boundary condition

In 2D case, the permeability tensor K. turns out to be diagonal.
In 3D case, if the geometry of the pores is isotropic (e.g. circular,
rectangular or elliptic holes), then the permeability tensor K.
becomes block-diagonal

kin ki 0
Ke=e | ko1 ko 0 . (14)
0 0 k33
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Beavers-Joseph law

In that case, the effective boundary condition (13) splits in two
parts. For the normal velocity, we get the (scalar) Darcy law on
the boundary

un = ke (Po —s,)|-

(15)

ke =n - Kcn > 0 — the normal permeability of the boundary.
s, — the normal component of the stress vector s.

S R

WORMAL
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Beavers-Joseph law

As for the tangential part, we get the effective boundary condition
claiming that the slip velocity is proportional to the shear rate

- 19

1 ki k
h2D M= —— . In3D M= | 1 "2
k11 ko1 koo

Vectors u; and s, are the tangential parts of the velocity and the

stress, respectively

o e e S e e e R - = = - -

TANGENTIAL.
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Beavers-Joseph law

As for the tangential part, we get the effective boundary condition
claiming that the slip velocity is proportional to the shear rate
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1
In2D M= — . In3D M=
ki1

—1
ki1 ki2
ko1 k2o

Vectors u; and s, are the tangential parts of the velocity and the

stress, respectively

o e e S e e e R - = = - -

TANGENTIAL.

Thus the shear stress in the fluid is proportional to the slip

velocity, which is exactly the Beavers-Joseph law. 01



Effective equations

—puAu+VP =0 in Q,

divu=0 in Q,
’u:Kg (s—POn)‘ on I, (17)
u=0 on S,

u=g on X .
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Effective equations

—pAu+VP =0 in Q,

divu=0 in Q,

’u:Kg(s—Pon)‘ on I, (17)
u=0 on S,

u=g on X .

Its weak formulation reads:

W ={veH(Q)"; dvv=0,v=00n IQ\l}
Find u € g + W such that
u/Vu-Vw—i—/Ke_lu-w:—/Pow,, , Yw=(w;)) e W .
Q r

r
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Effective equations

The bilinear form on the left-hand side is obviously coercive, so
that the problem admits a unique solution. If the Stokes system is
replaced by the Navier-Stokes, the existence and uniqueness still
hold, for data that is not too large.
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Effective equations

The bilinear form on the left-hand side is obviously coercive, so
that the problem admits a unique solution. If the Stokes system is
replaced by the Navier-Stokes, the existence and uniqueness still
hold, for data that is not too large.

We recall that the effective boundary condition reads

’u:K» (s — Pon)

&

9

Even though K. = O(¢) is small, the Darcy condition cannot

be approximated by the no-slip condition .

First of all, such problem is not well-posed (unless [+ g-n=0).
Secondly the stress in the boundary layer s ~ O (1) so that

K. (s — Pon) %0 .



Rigorous justification

Rectangular domain

AN
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Rigorous justification

Theorem (Justification for rectangular domain)
Forany § > 0 and Q25 = Q2N {0 < x3 <} there exists a constant
C > 0 such that

‘UE — u|L2(Q(§) + ’ps — P|L2(Q(§) S Ce . (18)
Furthermore, for t € [1, 2]

u® — uf (g < Cet
p° —(P—i—s IZ (x/e) u >

Finally,

LE(Q)

p°— P —0 weakly in (H}(Q)) . (19)
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