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@ Stochastic control problem with a large number NV of similar interacting
players.

o Control problem in which the probability law of one player appears.
These two problems are linked in the limit N — oo.
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@ Stochastic control problem with a large number NV of similar interacting
players.

o Control problem in which the probability law of one player appears.
These two problems are linked in the limit N — oo.

e Portfolio selection, optimal execution
e Population dynamics
e Smart charging

e Crowd motion
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@ Stochastic control problem with a large number NV of similar interacting
players.

o Control problem in which the probability law of one player appears.
These two problems are linked in the limit N — oo.

Mean-Field Game (MFG) —
o Portfolio selection, optimal execution | competitive interaction — Nash
equilibrium

Mean-Field Control (MFC) —
cooperative interaction — social
planner problem

e Population dynamics
e Smart charging

e Crowd motion

Lasry and Lions 2006; Huang, Caines, and Malhamé 2006; Carmona and
Delarue 2018
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@ Introduction to mean-field games and mean-field control
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Classical stochastic control

A classical problem is to solve

T
it B[ [ (s, X2 a0 ds + g(x7)]
« 0
with a controlled diffusion process (in R?)
dXta = b(t, Xta, Oét) dt + O'(t, X?, Oét) th

W, a Brownian motion in dimension d, and «; is a control adapted to the
Brownian filtration F;.
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Classical stochastic control

A classical problem is to solve

T
it B[ [ (s, X2 a0 ds + g(x7)]
« 0
with a controlled diffusion process (in R?)
dXta = b(t, Xta, Oét) dt + O'(t, X?, Oét) th

W, a Brownian motion in dimension d, and «; is a control adapted to the
Brownian filtration F;.

Example: Merton problem

Utility function U, wealth X/*, oy amount invested in an asset:
inf IE[ - U(X%)]
[0
dXta = O[tb dt + (770 th
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N symmetric players with controls o} = a;(X})

1 T 1Y I
in N;E[/O f(s,X?o"aé,N;éX:.u) ds—i—g(XT’ ,N;(SX;Q)}

N N

| B o :
AX;" = b{6. X005 D0 ) dt o (1 XE% 0 55 D 0 ) AW
=1 =t
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Non commuting

The optimization and limit procedures do not commute!

SDE State Dynamics Optimization Nash Equilibrium
for N players for N players
limpy 00 \]/ \l/th—)oo
Optimization Mean Field Game?
: —_— :
McKean Vlasov Dynamics Controlled McK-V Dynamics?

Figure from Carmona, Delarue, and Lachapelle 2012

We will focus on the control of McKean-Vlasov dynamics, also called
mean-field control
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n-field control

In general the joint law of (X7, o) appears in the cost and dynamics
mmJ —IE / f(8, X Pixea,y, o) ds—l—g(X%,PX%)}

with McKean-Vlasov dynamics (in R?)

dXta = b(t,X?,]P(X;x’at), O{t) dt + O'(t,X?,IP(X;xtat), Oét) th
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Mean-field control

In general the joint law of (X7, o) appears in the cost and dynamics

with McKean-Vlasov dynamics (in R?)

dXta = b(t,X?,]P)(X;x_’at),Oét) dt+0’(t,X?,P<Xf_’at>,Oét) th

Example: Markowitz mean-variance problem in continuous time

min A\Var(X§) — E[X¢]
dXta = Oftb dt + a0 th
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e Adding state constraints
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Constraints

What about adding state constraints on X;*? Examples: bounded state,
positive state...

In the stochastic control case (no mean-field interaction), this problem is
treated by Bokanowski, Picarelli, and Zidani 2015; Bokanowski, Picarelli, and
Zidani 2016 with constraints

X} e KVte|0,T],as.,

for a non empty closed set K.
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Constraints

What about adding state constraints on X;*? Examples: bounded state,
positive state...

In the stochastic control case (no mean-field interaction), this problem is
treated by Bokanowski, Picarelli, and Zidani 2015; Bokanowski, Picarelli, and
Zidani 2016 with constraints

X} e KVte|0,T],as.,

for a non empty closed set K. It turns out that we can go further and enforce
probabilistic constraints:

U(t,Pxe) <0Vt e[0,T].
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Related literature

e For MFG: state constrained to stay in a compact — Cannarsa, Capuani,
and Cardaliaguet 2018; Graber and Mayorga 2021...

@ Deterministic MFC by control of Fokker-Planck equations — Bonnet 2019

e MFC with smooth terminal expectation constraint — Chen and
Wang 2019

MFC cost with probabilistic constraints for a standard diffusion —
Daudin 2021

To the best of our knowledge we are the first authors to consider MFC with
general probabilistic constraints.
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ymples of possible constraints in the form

U(t,Pxe) <0Vt el[0,T]

P(X{ € Ki) = pe

Wa(Pxz,ne) < b

p(Pxz) <0

¢(ti,Pxp) <Oforty <. <t

Primal Markowitz mean-variance problem

min — E[X7]

(03

dX? = atb dt + oo th
Var(Xr) < 9.
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Markowitz mean-variance problem with conditional expectation

constraint

inf A\Var(X%) — E[X¢]

dXta = Oltb dt + oo th
E[X2 | X2 < 6] >0
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Contents

e Building an auxiliary problem




problem with exact penalization

T
s =E[ [ f(s,X;*,asm(Xgm)ds+g<X%,PX%>]

\PZZ o) < .
14 érelg{l] U(t,Pxe) <0, Viel0,T]}

Maximilien GERMAIN Sta irained MKV equations CANUM Evian, June 17°"



An auxiliary problem with exact penalization

T
s =E[ [ f(s,X;*,amIP(Xg,M)ds+g<X%,PX%>]

\Ij:: o7 < .
% ;Ielg{l] U(t,Pxe) <0, Vite [O,T]}

Define a new state variable
Z3() = Z—E[/ f(s,Xso‘,ozs,IP’(X?7as)) ds] =z 7/ f(s,}P’(ngy%)) ds,
0 0

with f(t,v) = Jaa f(tx,a,v) v(dz,da) and G(p) = [pa g(z, p)pu(dz).
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An auxiliary problem with exact penalization

T
s =E[ [ f(s,X;*,amIP(Xg,M)ds+g<X%,PX%>]

\PZZ o) < .
14 ;Ielg{l] U(t,Pxe) <0, Viel0,T]}

Define a new state variable
Z3() = Z—E[/ f(s,Xso‘,ozs,IP’(X?7as)) ds] =z 7/ f(s,}P’(ngy%)) ds,
0 0
with f(t,v) = Jgaa f(t @, a,v) v(dz,da) and G(p) = [ga (2, p)p(da). Thus

J(a) = 2= Z3(T) +9(Pxg)
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problem with exact penalization

Unconstrained mean-field control problem

Y izeR e inf [{§(Pxy) = Z5(D)}hs + sup {W(s,Pxe)}s],
ac s€[0,T]

with the notation {z}, = max(z,0). We see that Y¥(z) > 0.
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liary problem with exact penalization

Unconstrained mean-field control problem

Y izeR e inf [{§(Pxy) = Z5(D)}hs + sup {W(s,Pxe)}s],
ac s€[0,T]

with the notation {z}, = max(z,0). We see that ¥ (z) > 0. We consider the
infimum of the zero level-set

Z¥V .=inf{z e R | Y¥(2) = 0}.

V¥ being convex, positive and non-increasing, if Z¥ < oo then YV is
decreasing on (—oo, Z¥] then Y¥(2) =0 on [ZY,c0).
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=

Theorem 1 (make the constraint function vary)

If the value V¥ of the control problem is finite, it verifies the bounds

Z¥ < V¥ < inf Z¥t=,
e>0
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on results

Theorem 1 (make the constraint function vary)

If the value V¥ of the control problem is finite, it verifies the bounds

Z¥ < V¥ < inf Z¥t=,
e>0

Theorem 2

If V¥ < 400, then ¢ — Z¥*¢ is continuous in zero. Hence

Z¥=Vv".
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Summary

Solving

YizeRw inf [{ﬁ(]P’X%) — Z%(T)}4 + sup {@(S,ng)h},
acA s€[0,T)

and computing the infimum of the zero level set
zZ¥ . =inf{z e R | Y¥(2) =0},

gives us the value of the control problem V¥ = 2V,
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Summary

Solving

YizeRw inf [{ﬁ(]P’X%) — Z%(T)}4 + sup {@(S,ng)h},
acA s€[0,T)

and computing the infimum of the zero level set
zZ¥ . =inf{z e R | Y¥(2) =0},
gives us the value of the control problem V¥ = 2V,

Moreover it can be seen that e-optimal controls a® for the auxiliary problem
V¥(V¥) are e-admissible e-optimal controls for the original problem in the
sense that

J(Xo,0°) <V +e, sup U(s,Pxac) <e.
0<s<T s
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An alternative standard a

Solving

T
Y izeR o it [{3Pxg) - 250k + [ (U0 bods]
@ 0
instead of

Y izeRes inf [{GPxz) = Z0(T)hs + sup {U(s,Pxe)}s],
acA s€1[0,T

and computing the infimum of the zero level set
Z¥V .=inf{z e R | Y¥(2) =0},

also allows us to obtain the value and optimal control of the problem, if we
assume existence of optimal controls for the auxiliary problem.
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@ Numerical resolution
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Numerical scheme

We discretize the problem in time with ¢ = k% and use the algorithm from
Carmona and Lauriére 2019 by taking a sequence of neural network
(af"’)izl,“. N R? x R — R? with parameters 6; to approximate the
(Markovian feedback) control.

We solve the auxiliary problem in a segment K in which we assume Z¥ lies,
discretized as z; < -+ < zp. Fore=0,---  Np—1,57=1,--- /N

X1, = X] 4ot X7 ol (X7, 2), 1) At + o (t, X7, o0 (X], 2), 1) AW

Nr—1 N
zZ2 —z—— Z Zf (t; ,Xf,a?i(Xf,z),ﬁi) At;
i=0 [=1
1 N
ﬁz:ﬁza()(],a (XJ z))
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We solve by stochastic gradient descent infy Z _1 WA (2m,) with w defined by

wp(2)
N N Nr N
sl S ) eSS ]

and for i =0,--- ,Np—1,j=1,--- ,N

X1y = X7 +b(ti, X7, 0l (X7, 2),10,) Aty + o (t:, X7, of (XT, 2), 75;,) AW
Nr—1 N

28 =z- 5 o 3 f(t Xhal(Xh2) ) A

=0 [=1
1 N
B = D O(x7 et (x7.2)
j=1

Xg”#o
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Numerical sc

e Define a* = of”

problem.
e Compute Vy = inf{w(z;), i € [1, M] | wa(z;) < e} with o = o* in the
dynamics for some threshold .

with 6* the solution to the previous minimization

@ Return the value V; and the optimal controls &; : ¢ — o (z, Vj) for
i=0,--- Np— 1.
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Numerical results

Markowitz mean-variance problem with conditional expectation

constraint

min AVar(X7) — E[X{]

dXta = atb dt —+ oo th
E[X® | X < 6] > 6.

Primal Markowitz mean-variance problem

min — E[X&]

(e

dXta = Oétb dt —+ oo th
Var(Xr) < 9.
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Auxiliary value functions

— A=l
0.0030 — A=10
0.020 — A=100.
0.0025
0.015
0.0020
0.0015 0.010
0.0010
0.005 1<
0.0005 ~—
0.0000 0.000 T~
—-1.047 -1.046 -1.045 -1.044 -1043 -1.042 -1.041 -1.120 -1.115 -1.110 ~1.105 ~1.100 ~1.095 ~1.090 —1.085 —1.080
z z
Conditional expectation constraint Terminal variance constraint

Auxiliary value function Ya(z) for several values of A




Trajectories

11 /\/\W
10

—— Wealth
0.8 ~=~ Control asset
«-++ Exact control

Conditional expectation constraint

08

0.6

04

— Wealth
=== Control asset
- Exact control

Terminal variance constraint

Sample path of the controlled process X¢*, with the analytical optimal control (for
the unconstrained case) and the computed control. On the left figure we don’t have
the true control but plot the unconstrained one for comparison




Histogram

10000 10000

8000 8000

6000 6000

4000 4000

2000 2000

Conditional expectation constraint Terminal variance constraint

Histogram of X7 for 50000 samples




Constraints

—— E(Xt| Xt=0.9) 0.05 —=—="VartXxr
0.88
0.04
0.86
0.03
0.84
0.02
0.82 0.01
0.80 0.00
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 10
t t
Conditional expectation constraint Terminal variance constraint

On the left: conditional expectation E[X{ | X{* < 0.9] estimated with 50000
samples. On the right: variance Var(X{) estimated with 50000 samples.




Conclusion

We have been able to:
o Extend the level-set approach to the mean-field control problem.

@ Prove representation results of the constrained problem by an
unconstrained one.

@ Design a machine learning numerical scheme to compute the optimal
value and control.

Potential future research

- Carefully assess the optimality of the computed control.
- Solve more difficult cases with an explicit solution.
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